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Outline: 

•  Introduction : Position of to the problem 
 

•  Markov Models 

•  Hidden Markov Models 

•  Programming Session 
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Part 1 : Introducing the problem 
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Markov models in finance:  

•  When the i.i.d. assumption is relaxed, sequentiality starts to matter! Forget the Brownian motion. 

•  In this family of models, the main assumption is that we can find a stable direct or indirect link 
between what happened yesterday and what happens today. 

 
•  The above assumption is quite simple. Maybe too simple, but such models are parsimonious on data. 

This is good when the training set is limited in size.  

•  Markov models represented a significant improvement over traditional ARMA / ARIMA models, as 
they can treat different pieces of information at once (e.g. return & volatility)   

 
•  This approach accounts particularly well for Regimes. In finance growth and recession regimes tend 

to be quite well separated. 

•  The technique was first developed by Hamilton in 1989, but a lot of innovation / refinements have 
been brought to the table since then. It is therefore not old science! 
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Markov models apply to many different Sequential Problems 

•  Sequences are everywhere:   

•  Financial data 
 
 
•  Speech data 

•  Texts 
 

•  Ignoring sequentiality in the data results in sub-optimal models since a huge amount of information is 
contained in the order.  

Bag of words*: model that treats a sentence as a bag of its words disregarding word order (but keeping multiplicity).   

•  For instance, let’s consider this example:  
•  « Never Quit. Do your best »  
•  « Never do your best. Quit. » 

•  A bag of words* model won’t make any difference between these two sentences.  
 



Imperial means Intelligent Business Imperial College Business School 6 

What is our objective today ? 

•  We will not use Markov models on quantitative data although this would be possible, but rather 
on qualitative data. Applications are numerous: 

o  Identifying the mood reflected in a sentence. 
o  Relating a sentence or a text to a type of individuals. 
o  Predicting the word or the sentence to come. 
o  Identifying textual anomalies. 

 
•  Ultimately, the objective of this lecture is to introduce a graphical model, called Hidden Markov 

Model (HMM) in the context of Language Modelling.  
 
•  A Language Model is a model used to predict the probability of a sequence of words.  
 
•  We want our language model to assign a probability to every sentence according to its level of 

coherence (with respect to the training data). For instance:  

•  « The quick brown fox jumps over the lazy dog » : high probability 
 
•  « Despite the constant negative press covfefe » : average probability 
 
•  « The the the the the the » : low probability 
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What do we need to calculate these probabilities ?  

•  First, we need a model, which consists in making some assumptions on the dependencies between 
words. 

 
•  We also need a training corpus: a large number of sentences (called documents). 

 

•  For instance, after training a model on a corpus of documents from John Stuart Mill, the model  
should assign high probabilities to the sentences that correspond to JSM way of thinking and much 
lower probabilities to the ones that contradict his ideas: 

•  p(« the greatest good for the greatest number ») >> p(« An action, to have moral worth, must 
be done from duty »)  
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Common day-to-day applications: 

•  Language Models can be used for several applications, such as the following: 

•  Sentence Completion: A language model can predict the next word given the previous words in a 
sentence.  

 

 
•  Classification: Using Bayes rule, we can turn a language model into a generative classifier. For 

instance, it can be used for sentiment analysis, which consists in predicting the sentiment 
conveyed by a sentence.  

•  Automatic essay writing: A language model learns the probability distribution of sentences 
according to a specific corpus. We can then sample from this distribution to generate artificial 
sentences.  
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What is a Generative Classifier in the context of a Sequential 
Approach?  (I) 

•  Let’s consider a training dataset of N samples (typically sentences) used for a classification task. 

•  Let’s denote the samples:                      ,  and  the targets                       (typically mood levels)  
 (Suppose           ) 

•  We assume that each sample is made of sequential constituents (typically words) 

•  Supervised Classification consists in estimating            where       represents the parameters of 
the supervised learning algorithm we are looking to estimate. 

•  A generative model like HMM aims to learn from the distribution of the training set of sequences: 
 
 
•  We can train 2 different models. The first model, parametrized by       is associated to the samples of 

target 0 and the second model parameterized by      is associated to the samples of target 1.   
 
•  As a consequence, we will learn the two following distributions:   

                                  and     
 
So far, we have built a class conditional density estimator  
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What is a Generative Classifier in the context of a Sequential 
Approach?  (II) 

•  Using the Bayes rule described as :   
 
we can turn the previous class conditional density estimator into a classifier. 

p(Yi = 0|X1
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<latexit sha1_base64="L9ye5mVTJzJTo3nNPgLOwHaHgF4=">AAACH3icbVDLSgMxFM34rPU16tJNsAgVSpmR4mMhFNy4rNCXtOOQSTNtaOZBckcoY//Ejb/ixoUi4q5/Y/oQtPVA4OSce29yjxcLrsCyRsbS8srq2npmI7u5tb2za+7t11WUSMpqNBKRbHpEMcFDVgMOgjVjyUjgCdbw+tdjv/HApOJRWIVBzJyAdEPuc0pAS655FrtpG3oMiGsN802X39sF3O5EoHABj69V/IjvXI6vsHUS53+Ya+asojUBXiT2jOTQDBXX/NJDaRKwEKggSrVsKwYnJRI4FWyYbSeKxYT2SZe1NA1JwJSTTvYb4mOtdLAfSX1CwBP1d0dKAqUGgacrAwI9Ne+Nxf+8VgL+hZPyME6AhXT6kJ8IDBEeh4U7XDIKYqAJoZLrv2LaI5JQ0JFmdQj2/MqLpH5atEvF0m0pV76cxZFBh+gI5ZGNzlEZ3aAKqiGKntALekPvxrPxanwYn9PSJWPWc4D+wBh9A0IQn0Y=</latexit>

+ p✓1(X
1
i , . . . , X

T
i |Yi = 1)p(Yi = 1)

<latexit sha1_base64="mn0gsYQc+v4uFd85YamXFl7yqDQ="></latexit>

•  Similarly: 

p(Yi = 1|X1
i , . . . , X

T
i ) =

<latexit sha1_base64="h4pObT2V7mIXGPQElbE/7s+QfcE=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKpcxIQV0IBTcuK/Ql7Thk0kwbmnmQ3BHK2A9w46+4caGIWz/AnX9jOp2Fth4InJxz703ucSPBFZjmt7G0vLK6tp7byG9ube/sFvb2WyqMJWVNGopQdlyimOABawIHwTqRZMR3BWu7o6up375nUvEwaMA4YrZPBgH3OCWgJadQjEq3DseX2MIPuOPwO6uMe/0QVDm9NU60pavMipkCLxIrI0WUoe4UvvQIGvssACqIUl3LjMBOiAROBZvke7FiEaEjMmBdTQPiM2Un6TITfKyVPvZCqU8AOFV/dyTEV2rsu7rSJzBU895U/M/rxuCd2wkPohhYQGcPebHAEOJpMrjPJaMgxpoQKrn+K6ZDIgkFnV9eh2DNr7xIWqcVq1qp3lSLtYssjhw6REeohCx0hmroGtVRE1H0iJ7RK3oznowX4934mJUuGVnPAfoD4/MHXZmX/w==</latexit>

p✓1(X
1
i , . . . , X

T
i |Yi = 1)p(Yi = 1)

<latexit sha1_base64="KzX+5zGvODuphTfjy7Oi6BCj1qY=">AAACH3icbVDLSgMxFM34rPU16tJNsAgVSpmR4mMhFNy4rNCXtOOQSTNtaOZBckcoY//Ejb/ixoUi4q5/Y/oQtPVA4OSce29yjxcLrsCyRsbS8srq2npmI7u5tb2za+7t11WUSMpqNBKRbHpEMcFDVgMOgjVjyUjgCdbw+tdjv/HApOJRWIVBzJyAdEPuc0pAS655FrtpG3oMiGsP802X39sF3O5EoAp4fKviR3zncnyF7RMc53+oa+asojUBXiT2jOTQDBXX/NJDaRKwEKggSrVsKwYnJRI4FWyYbSeKxYT2SZe1NA1JwJSTTvYb4mOtdLAfSX1CwBP1d0dKAqUGgacrAwI9Ne+Nxf+8VgL+hZPyME6AhXT6kJ8IDBEeh4U7XDIKYqAJoZLrv2LaI5JQ0JFmdQj2/MqLpH5atEvF0m0pV76cxZFBh+gI5ZGNzlEZ3aAKqiGKntALekPvxrPxanwYn9PSJWPWc4D+wBh9A0lln0k=</latexit>

p✓0(X
1
i , . . . , X

T
i |Yi = 0)p(Yi = 0)

<latexit sha1_base64="L9ye5mVTJzJTo3nNPgLOwHaHgF4=">AAACH3icbVDLSgMxFM34rPU16tJNsAgVSpmR4mMhFNy4rNCXtOOQSTNtaOZBckcoY//Ejb/ixoUi4q5/Y/oQtPVA4OSce29yjxcLrsCyRsbS8srq2npmI7u5tb2za+7t11WUSMpqNBKRbHpEMcFDVgMOgjVjyUjgCdbw+tdjv/HApOJRWIVBzJyAdEPuc0pAS655FrtpG3oMiGsN802X39sF3O5EoHABj69V/IjvXI6vsHUS53+Ya+asojUBXiT2jOTQDBXX/NJDaRKwEKggSrVsKwYnJRI4FWyYbSeKxYT2SZe1NA1JwJSTTvYb4mOtdLAfSX1CwBP1d0dKAqUGgacrAwI9Ne+Nxf+8VgL+hZPyME6AhXT6kJ8IDBEeh4U7XDIKYqAJoZLrv2LaI5JQ0JFmdQj2/MqLpH5atEvF0m0pV76cxZFBh+gI5ZGNzlEZ3aAKqiGKntALekPvxrPxanwYn9PSJWPWc4D+wBh9A0IQn0Y=</latexit>

+ p✓1(X
1
i , . . . , X

T
i |Yi = 1)p(Yi = 1)

<latexit sha1_base64="mn0gsYQc+v4uFd85YamXFl7yqDQ="></latexit>

•  Where:                       and                       are estimated by their frequencies in the dataset.                       p(Yi = 0)

<latexit sha1_base64="j1EPlnYtrwVdv3/Xbbw0+dBtb4Y=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexKQD0IAS8eI5iHJkuYnfQmQ2Znl5lZIYT8hRcPinj1b7z5N06SPWhiQUNR1U13V5AIro3rfjsrq2vrG5u5rfz2zu7efuHgsKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4c3Ubz6h0jyW92aUoB/RvuQhZ9RY6TEpPXQ5uSbuWbdQdMvuDGSZeBkpQoZat/DV6cUsjVAaJqjWbc9NjD+mynAmcJLvpBoTyoa0j21LJY1Q++PZxRNyapUeCWNlSxoyU39PjGmk9SgKbGdEzUAvelPxP6+dmvDSH3OZpAYlmy8KU0FMTKbvkx5XyIwYWUKZ4vZWwgZUUWZsSHkbgrf48jJpnJe9SrlyVylWr7I4cnAMJ1ACDy6gCrdQgzowkPAMr/DmaOfFeXc+5q0rTjZzBH/gfP4AasqPaw==</latexit>

p(Yi = 1)

<latexit sha1_base64="rvgPTr/6BR9RHvdnqX1Lo6qWGhE=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexKQD0IAS8eI5iHJkuYnfQmQ2Znl5lZIYT8hRcPinj1b7z5N06SPWhiQUNR1U13V5AIro3rfjsrq2vrG5u5rfz2zu7efuHgsKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4c3Ubz6h0jyW92aUoB/RvuQhZ9RY6TEpPXQ5uSbeWbdQdMvuDGSZeBkpQoZat/DV6cUsjVAaJqjWbc9NjD+mynAmcJLvpBoTyoa0j21LJY1Q++PZxRNyapUeCWNlSxoyU39PjGmk9SgKbGdEzUAvelPxP6+dmvDSH3OZpAYlmy8KU0FMTKbvkx5XyIwYWUKZ4vZWwgZUUWZsSHkbgrf48jJpnJe9SrlyVylWr7I4cnAMJ1ACDy6gCrdQgzowkPAMr/DmaOfFeXc+5q0rTjZzBH/gfP4AbE+PbA==</latexit>

81  i  N :

<latexit sha1_base64="zkrejC3AdpG8EvrNywNbafbzgfY=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoiBR+rghtXUsE+oAllMp20QyeTODMRSihu/BU3LhRx61e482+ctllo64FhDufcy733BAlnSjvOt1VYWl5ZXSuulzY2t7Z37N29popTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC4dXEbz1QqVgs7vQooX6E+4KFjGBtpK594IWxxJwjF3mc3iM2+27QZdcuOxVnCrRI3JyUIUe9a395vZikERWacKxUx3US7WdYakY4HZe8VNEEkyHu046hAkdU+dn0hDE6NkoPmV3MExpN1d8dGY6UGkWBqYywHqh5byL+53VSHZ77GRNJqqkgs0FhypGO0SQP1GOSEs1HhmAimdkVkQGWmGiTWsmE4M6fvEiapxW3WqneVsu1izyOIhzCEZyAC2dQg2uoQwMIPMIzvMKb9WS9WO/Wx6y0YOU9+/AH1ucPnxSVnQ==</latexit>

81  i  N :

<latexit sha1_base64="zkrejC3AdpG8EvrNywNbafbzgfY=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoiBR+rghtXUsE+oAllMp20QyeTODMRSihu/BU3LhRx61e482+ctllo64FhDufcy733BAlnSjvOt1VYWl5ZXSuulzY2t7Z37N29popTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC4dXEbz1QqVgs7vQooX6E+4KFjGBtpK594IWxxJwjF3mc3iM2+27QZdcuOxVnCrRI3JyUIUe9a395vZikERWacKxUx3US7WdYakY4HZe8VNEEkyHu046hAkdU+dn0hDE6NkoPmV3MExpN1d8dGY6UGkWBqYywHqh5byL+53VSHZ77GRNJqqkgs0FhypGO0SQP1GOSEs1HhmAimdkVkQGWmGiTWsmE4M6fvEiapxW3WqneVsu1izyOIhzCEZyAC2dQg2uoQwMIPMIzvMKb9WS9WO/Wx6y0YOU9+/AH1ucPnxSVnQ==</latexit>

8A,B 2 ⌦ P(B|A) =
P(A,B)

P(A)
=

P(A|B)p(B)

P(A)

<latexit sha1_base64="QAwR/8+VFV5hi0utGC4ID99WVaQ="></latexit>
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Constructing a Generative Classifier. An example (I) 

•  Let’s suppose we have a N sized training sample composed of documents from John Stuart Mill (J)  
    and from Immanuel Kant (K). 

 
•  We want our model, to classify new sentences like « The greatest good for the greatest number ».  

•  Let’s review the different steps involved in computing the following probabilities: 
•  p(Y = K | « The greatest good for the greatest number ») 
•  p(Y = J | « The greatest good for the greatest number ») 

•  Document 1 : « The sole evidence it is possible to produce that anything is desirable is that people 
actually to desire it. » 

•  Document 2 : «  In law a man is guilty when he violates the rights of others. In ethics he is guilty if 
he only thinks of doing so. » 

•  Document 3 :  « Always recognize that human individuals are ends, and do not use them as means 
to your end. » 

           … 
•   Document N : « Justice is a name for certain moral requirements, which, regarded collectively, 

stand higher in the scale of social utility and are therefore of more paramount obligation than any 
others. » 

Training Sample Target 

K 

J 

J 

K 
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Constructing a Generative Classifier. An example (II) 

•  Document 1 : « The sole evidence it is possible to produce that 
anything is desirable is that people actually to desire it. » 

… 
•   Document N : « Justice is a name for certain moral 

requirements, which, regarded collectively, stand higher in the 
scale of social utility and are therefore of more paramount 
obligation than any others. » 

K 

•  Document 2 : «  In law a man is guilty when he violates the rights 
of others. In ethics he is guilty if he only thinks of doing so. » 

… 
•  Document 3 :  « Always recognize that human individuals are 

ends, and do not use them as means to your end. » 

           

 STEP 1 

J 

 STEP 2 Train the density estimator 1 on documents 
with target J  

Train density estimator 2 on documents 
with target K  

 STEP 3 For each new sentence, calculate the probability of the target being J or K, conditional on this 
provided sequence, using the Bayes Rule and the two density estimators trained in Step 2.  

    p(Y = J | « The greatest good for the greatest number)  > p(Y=K | « The greatest good for the greatest number)  

 STEP 4 Make a decision based on a decision rule: New sentence has been written by J, as 
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Part 2 : Markov Models 
 
 
 
A Markov model relates to a process  
=> which is capable of being in more than one state,  
=> which can make transitions among those states, and  
=> in which the available states and transition probabilities only 
depend upon what state the system is currently in.  
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Introduction 

•  In this section, we will discuss a simple Model called Markov Model. 

•  Notations: 

•   We are dealing with sequences   of discrete observations (e.g. sentences). 
 
•  Each observation       is a sequence of T discrete states :         (e.g. words). 

•  Example :  
 
Observation : « The     greatest     good     for     the     greatest     number » 
 
 

 
        :   

•  Each          is our example represents a word in the English dictionary.  

(Xi)1iN

<latexit sha1_base64="J28MVrjewHlEFeVReO2drpZSbLQ=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkYK6K7hxJRXsA9oQJtPbduhkEmcmQgnZ+CtuXCji1s9w5984bbPQ1gOXezjnXmbuCWLOlHacb6uwsrq2vlHcLG1t7+zu2fsHLRUlkkKTRjySnYAo4ExAUzPNoRNLIGHAoR2Mr6d++xGkYpG415MYvJAMBRswSrSRfPuo0vHZmZ+6uMfhAbN5u818u+xUnRnwMnFzUkY5Gr791etHNAlBaMqJUl3XibWXEqkZ5ZCVeomCmNAxGULXUEFCUF46OyDDp0bp40EkTQmNZ+rvjZSESk3CwEyGRI/UojcV//O6iR5ceikTcaJB0PlDg4RjHeFpGrjPJFDNJ4YQKpn5K6YjIgnVJrOSCcFdPHmZtM6rbq1au6uV61d5HEV0jE5QBbnoAtXRDWqgJqIoQ8/oFb1ZT9aL9W59zEcLVr5ziP7A+vwBZWuU+w==</latexit>

Xi

<latexit sha1_base64="LwkCKhz0Csb+JXijxow3aDtvlFU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnpDMSxX3Kq7BNkkXk4qkKM1LH8NRjFLI66QSWpM33MT9DOqUTDJ56VBanhC2ZSOed9SRSNu/Gx56pxcWWVEwljbUkiW6u+JjEbGzKLAdkYUJ2bdW4j/ef0Uw4afCZWkyBVbLQpTSTAmi7/JSGjOUM4soUwLeythE6opQ5tOyYbgrb+8STo3Va9Wrd3XKs1GHkcRLuASrsGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifPy8UjbU=</latexit>

X1
i , . . . , X

T
i

<latexit sha1_base64="vXvNLXO7qXJUMr/Tjx1ThMSt1mI=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgopQZKdhlwY3LCn1BOw6ZNNOGZh4kd4RhqL/ixoUibv0Qd/6NmXYW2nogcHLOPeTmeLHgCizr2yhtbe/s7pX3KweHR8cn5ulZX0WJpKxHIxHJoUcUEzxkPeAg2DCWjASeYANvfpv7g0cmFY/CLqQxcwIyDbnPKQEtuWZ16PIHu47HkwhUHee3rmvWrIa1BN4kdkFqqEDHNb90nCYBC4EKotTItmJwMiKBU8EWlXGiWEzonEzZSNOQBEw52XL5Bb7UygT7kdQnBLxUfycyEiiVBp6eDAjM1LqXi/95owT8lpPxME6AhXT1kJ8IDBHOm8ATLhkFkWpCqOR6V0xnRBIKuq+KLsFe//Im6V837Gajed+stVtFHWV0ji7QFbLRDWqjO9RBPURRip7RK3oznowX4934WI2WjCJTRX9gfP4A19CTlQ==</latexit>

X1

<latexit sha1_base64="oPQ+GG0vjmdpKMc6DF2OLGSuy0I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk0B4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT24XffUKleSwfzSxBP6JjyUPOqLHSQ2/oDcsVt+ouQTaJl5MK5GgNy1+DUczSCKVhgmrd99zE+BlVhjOB89Ig1ZhQNqVj7FsqaYTaz5anzsmVVUYkjJUtachS/T2R0UjrWRTYzoiaiV73FuJ/Xj81YcPPuExSg5KtFoWpICYmi7/JiCtkRswsoUxxeythE6ooMzadkg3BW395k3Ruql6tWruvVZqNPI4iXMAlXIMHdWjCHbSgDQzG8Ayv8OYI58V5dz5WrQUnnzmHP3A+fwDaJY19</latexit>

X1
1

<latexit sha1_base64="aXvWg2jx+qh6vt/y4bO8zOEdpIA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIwR4LXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/e4WNza3tneJuaW//4PCofHzSNirVlLWoEkp3Q2KY4JK1LLeCdRPNSBwK1gknN3O/88S04Ure22nCgpiMJI84JdZJ7e4AP2A0KFf8qr8AWic4JxXI0RyUv/pDRdOYSUsFMaaH/cQGGdGWU8FmpX5qWELohIxYz1FJYmaCbHHtDF04ZYgipV1Jixbq74mMxMZM49B1xsSOzao3F//zeqmN6kHGZZJaJulyUZQKZBWav46GXDNqxdQRQjV3tyI6JppQ6wIquRDw6svrpH1VxbVq7a5WadTzOIpwBudwCRiuoQG30IQWUHiEZ3iFN095L96797FsLXj5zCn8gff5A1Xijko=</latexit>

X2
1

<latexit sha1_base64="CYzcAsXjrfX60GvD7noBqfHDeEc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKwR4LXjxWMG2hjWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RS2tnd294r7pYPDo+OT8ulZ28SpZtxnsYx1N6SGS6G4jwIl7yaa0yiUvBNObxd+54lrI2L1gLOEBxEdKzESjKKV/O7Ae6wNyhW36i5BNomXkwrkaA3KX/1hzNKIK2SSGtPz3ASDjGoUTPJ5qZ8anlA2pWPes1TRiJsgWx47J1dWGZJRrG0pJEv190RGI2NmUWg7I4oTs+4txP+8XoqjRpAJlaTIFVstGqWSYEwWn5Oh0JyhnFlCmRb2VsImVFOGNp+SDcFbf3mTtGtVr16t39crzUYeRxEu4BKuwYMbaMIdtMAHBgKe4RXeHOW8OO/Ox6q14OQz5/AHzucPAIOOIQ==</latexit>

X3
1

<latexit sha1_base64="W+uqe3CzTl+9IwxE/3JGvxjZ1Aw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0YI8FLx4rmLbQxrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkdu63n1BpHssHM00wiOhI8iFn1FjJ7/S9x+t+ueJW3QXIOvFyUoEczX75qzeIWRqhNExQrbuem5ggo8pwJnBW6qUaE8omdIRdSyWNUAfZ4tgZubDKgAxjZUsaslB/T2Q00noahbYzomasV725+J/XTc2wHmRcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtK6qXq1au69VGvU8jiKcwTlcggc30IA7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fAgeOIg==</latexit>

X4
1

<latexit sha1_base64="zH0xS7+tH0gbizwDAX5xsZTQVxA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokU7LHgxWMF0xbaWDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFrJ7w68x/qgUnVr7gJknXgFqUKB1qDy1R8mLIu5QiapMT3PTTHIqUbBJJ+V+5nhKWUTOuI9SxWNuQnyxbEzcmmVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MowaQS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPmUbgrf68jppX9e8eq1+X682G0UcJTiHC7gCD26gCXfQAh8YCHiGV3hzlPPivDsfy9YNp5g5gz9wPn8AA4uOIw==</latexit>

X5
1

<latexit sha1_base64="HIJUZtaBH7yxKcCuMSQ+vIXR7tc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYo8FLx4rmLbQxrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63n1BpnsgHM0kxiOlQ8ogzaqzkd/re43W/XHGr7gJknXg5qUCOZr/81RskLItRGiao1l3PTU0wpcpwJnBW6mUaU8rGdIhdSyWNUQfTxbEzcmGVAYkSZUsaslB/T0xprPUkDm1nTM1Ir3pz8T+vm5moHky5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtK6qXq1au69VGvU8jiKcwTlcggc30IA7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fBQ+OJA==</latexit>

X6
1

<latexit sha1_base64="vbkcrZvDqpqCaAeERyzkHtJAA7Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4rmLbQxrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63n1BpnsgHM0kxiOlQ8ogzaqzkd/re43W/XHGr7gJknXg5qUCOZr/81RskLItRGiao1l3PTU0wpcpwJnBW6mUaU8rGdIhdSyWNUQfTxbEzcmGVAYkSZUsaslB/T0xprPUkDm1nTM1Ir3pz8T+vm5moHky5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtK6qXq1au69VGvU8jiKcwTlcggc30IA7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fBpOOJQ==</latexit>

X7
1

<latexit sha1_base64="ihbmEgvj4l3w5pgGWAkanbF1tyo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk0B4LXjxWsB/QxrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqAWcJ9yM6ViIUjKKV2r2h91gflitu1V2CbBIvJxXI0RqWvwajmKURV8gkNabvuQn6GdUomOTz0iA1PKFsSse8b6miETd+tjx2Tq6sMiJhrG0pJEv190RGI2NmUWA7I4oTs+4txP+8fophw8+ESlLkiq0WhakkGJPF52QkNGcoZ5ZQpoW9lbAJ1ZShzadkQ/DWX94knZuqV6vW7muVZiOPowgXcAnX4EEdmnAHLWgDAwHP8ApvjnJenHfnY9VacPKZc/gD5/MHCBeOJg==</latexit>

Xi
1

<latexit sha1_base64="xjRrNvtgjp43gK8T1M2duflwTts=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokU7LHgxWMF0xbaWDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFrJ7w68RzGoVN2auwBZJ15BqlCgNah89YcJy2KukElqTM9zUwxyqlEwyWflfmZ4StmEjnjPUkVjboJ8ceyMXFplSKJE21JIFurviZzGxkzj0HbGFMdm1ZuL/3m9DKNGkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT9mG4K2+vE7a1zWvXqvf16vNRhFHCc7hAq7Agxtowh20wAcGAp7hFd4c5bw4787HsnXDKWbO4A+czx9T345Y</latexit>
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Defining the Probability of a sequential Observation: 

•  Using simple probability rules, for any observation i, we can write the probability  p(Xi) as the product of 
conditional probabilities : 

 
 
•  The basic idea behind the Markov Property is to assume that        captures all the relevant information to 

account for the next step. The previous equation therefore simplifies to: 
 

•  Additional assumptions: 
•  We assume that  the transition function                         is independent of time t. I.e. will always hold. 

•  We assume that the observed variables        are discrete :              
 In our previous example, each       represents a unique word among the different words of an 
English dictionary of size V (the number of words listed in it). 

 
To be clear, the Markov property means :  
p(The greatest good for the greatest number) = p(The) *p(greatest | The)* p(good | greatest) *p(for | 
good) *p(the | for) *p(greatest | the)* p(number | greatest) 

p(X1
i , . . . , X

T
i ) = p(XT

i |X
j
i , j < T )p(XT�1

i |Xj , j < T � 1) . . . p(X2
i |X1

i )p(X
1
i )

<latexit sha1_base64="vSxbqCX9MggGWg7I7uxusycrUsQ="></latexit>

Xt
i

<latexit sha1_base64="GTi6Q6yzSa1LDKQkxydfT3HyHlA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokU7LHgxWMF0xbaWDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFrJ7w7EIw4qVbfmLkDWiVeQKhRoDSpf/WHCspgrZJIa0/PcFIOcahRM8lm5nxmeUjahI96zVNGYmyBfHDsjl1YZkijRthSShfp7IqexMdM4tJ0xxbFZ9ebif14vw6gR5EKlGXLFlouiTBJMyPxzMhSaM5RTSyjTwt5K2JhqytDmU7YheKsvr5P2dc2r1+r39WqzUcRRgnO4gCvw4AaacAct8IGBgGd4hTdHOS/Ou/OxbN1wipkz+APn8we5246b</latexit>

p(Xt
i |Xt�1

i )

<latexit sha1_base64="iIAe2i6S4gBr55P+sKOL8Vy1OGs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCXVgSKdhlwY3LCvYBbQyT6aQdOnkwcyPUWPwVNy4Ucet/uPNvnLRZaOuByz2ccy9z53ix4Aos69sorKyurW8UN0tb2zu7e+b+QVtFiaSsRSMRya5HFBM8ZC3gIFg3lowEnmAdb3yV+Z17JhWPwluYxMwJyDDkPqcEtOSaR3Gl6/I7wI846ymc29Mz1yxbVWsGvEzsnJRRjqZrfvUHEU0CFgIVRKmebcXgpEQCp4JNS/1EsZjQMRmynqYhCZhy0tn1U3yqlQH2I6krBDxTf2+kJFBqEnh6MiAwUoteJv7n9RLw607KwzgBFtL5Q34iMEQ4iwIPuGQUxEQTQiXXt2I6IpJQ0IGVdAj24peXSfuiateqtZtauVHP4yiiY3SCKshGl6iBrlETtRBFD+gZvaI348l4Md6Nj/lowch3DtEfGJ8/1TmUJw==</latexit>

Xt
i

<latexit sha1_base64="GTi6Q6yzSa1LDKQkxydfT3HyHlA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokU7LHgxWMF0xbaWDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFrJ7w7EIw4qVbfmLkDWiVeQKhRoDSpf/WHCspgrZJIa0/PcFIOcahRM8lm5nxmeUjahI96zVNGYmyBfHDsjl1YZkijRthSShfp7IqexMdM4tJ0xxbFZ9ebif14vw6gR5EKlGXLFlouiTBJMyPxzMhSaM5RTSyjTwt5K2JhqytDmU7YheKsvr5P2dc2r1+r39WqzUcRRgnO4gCvw4AaacAct8IGBgGd4hTdHOS/Ou/OxbN1wipkz+APn8we5246b</latexit>

Xt
i 2 {1, . . . , V }

<latexit sha1_base64="ls1sEdHEK2fbDio2RbBBBq4e7f4=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgopRECnZZcOOygn1AU8NkOmmHTiZh5kYooQs3/oobF4q49SPc+TdO2yy09cDA4Zx7uHNPkAiuwXG+rcLG5tb2TnG3tLd/cHhkH590dJwqyto0FrHqBUQzwSVrAwfBeoliJAoE6waT67nffWBK81jewTRhg4iMJA85JWAk3y73fH4P2OMSexl2q9gbxqCruIO9mW9XnJqzAF4nbk4qKEfLt79MmqYRk0AF0brvOgkMMqKAU8FmJS/VLCF0Qkasb6gkEdODbHHEDJ8bZYjDWJknAS/U34mMRFpPo8BMRgTGetWbi/95/RTCxiDjMkmBSbpcFKYCQ4znjeAhV4yCmBpCqOLmr5iOiSIUTG8lU4K7evI66VzW3HqtfluvNBt5HUVURmfoArnoCjXRDWqhNqLoET2jV/RmPVkv1rv1sRwtWHnmFP2B9fkDzp2WQA==</latexit>

p(X1
i , . . . , X

T
i ) = p(XT

i |XT�1
i )p(XT�1

i |XT�2
i ) . . . p(X2

i |X1
i )p(X

1
i )

<latexit sha1_base64="/jYj5snDSIuXHwZvYEriwRuXBM4="></latexit>

Xi
1

<latexit sha1_base64="xjRrNvtgjp43gK8T1M2duflwTts=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokU7LHgxWMF0xbaWDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFrJ7w68RzGoVN2auwBZJ15BqlCgNah89YcJy2KukElqTM9zUwxyqlEwyWflfmZ4StmEjnjPUkVjboJ8ceyMXFplSKJE21JIFurviZzGxkzj0HbGFMdm1ZuL/3m9DKNGkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT9mG4K2+vE7a1zWvXqvf16vNRhFHCc7hAq7Agxtowh20wAcGAp7hFd4c5bw4787HsnXDKWbO4A+czx9T345Y</latexit>
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Summarizing the sequential rules learnt in a Transition Matrix 

•  The conditional distribution                        inferred from all the observations can be written as a             
matrix, known as the transition matrix     , where  

•  Example : Let us consider the following 3 observations, containing 4 states in a dictionnary of  size 4  

•  The greatest good 
•  The greatest number 
•  The good number  

V ⇥ V

<latexit sha1_base64="2g9n5RYLnq1blUyEScvjUPm7TVk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VbFpsQ9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzimyTTjLdZIhPdDanhUijeRoGSd1PNaRxK3gknt3O/88S1EYl6wGnKg5iOlIgEo2ilR5/0UcTcEH9Qrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYraNUG+uHhGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfP3yVBozlBOLaFMC3srYWOqKUMbUsWG4K2+vE78q7rXqDfuG7Vmo4ijDGdwDpfgwTU04Q5a0AYGCp7hFd4c47w4787HsrXkFDOn8AfO5w+275BB</latexit>

Q

<latexit sha1_base64="0bAF3PEkK3LoiHyNQ6JAYB4HmEE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokE9Fjw4rEV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXpoJr47rfzsbm1vbObmmvvH9weHRcOTlt6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVZ6aJJBperW3AXIOvEKUoUCjUHlqz9MWBajNExQrXuem5ogp8pwJnBW7mcaU8omdIQ9SyWNUQf54tIZubTKkESJsiUNWai/J3Iaaz2NQ9sZUzPWq95c/M/rZSa6DXIu08ygZMtFUSaIScj8bTLkCpkRU0soU9zeStiYKsqMDadsQ/BWX14n7eua59f8pl+t+0UcJTiHC7gCD26gDvfQgBYwiOAZXuHNmTgvzrvzsWzdcIqZM/gD5/MH/uKM+A==</latexit>

8v, w 2 {1, . . . V } Qvw = p(Xt
i = w|Xt�1

i = v)

<latexit sha1_base64="bXbWY4K5AzslxXzYoY68OkXKNdk="></latexit>

                            V = 4  
the                   1           good                3               
greatest        2  number            4 
 

2/3 

1/3 

1/2 

1/2 

1 
Note that the rows of the transition matrix must add up 
to one. This Transition matrix is also called a 
stochastic matrix.  

Q =

0

BB@

0 2/3 1/3 0
0 0 1/2 1/2
0 0 0 1
1/4 1/4 1/4 1/4

1

CCA

<latexit sha1_base64="oMs56S+LVP46P9bj8hAFwcysiE8="></latexit>

Two times out of three, ‘the’ is followed by ‘greatest’, hence p(1,2)=2/3 

p(Xt|Xt�1)

<latexit sha1_base64="w5/Ijmgao0jxVToHYR7j7m0wLrk=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcQED5LWNNEjiRePmAg0gUK2ywIbtttmd0pCKv/EiweN8eo/8ea/cYEeFHzJJC/vzWRmXpgIrsFxvq3CxubW9k5xt7S3f3B4ZB+fNHWcKsoaNBax8kOimeCSNYCDYH6iGIlCwVrh+G7utyZMaR7LR5gmLIjIUPIBpwSM1LPtpOJ3AT9hv5vBlTu77Nllp+osgNeJm5MyylHv2V+dfkzTiEmggmjddp0Egowo4FSwWamTapYQOiZD1jZUkojpIFtcPsMXRunjQaxMScAL9fdERiKtp1FoOiMCI73qzcX/vHYKg9sg4zJJgUm6XDRIBYYYz2PAfa4YBTE1hFDFza2YjogiFExYJROCu/ryOmleV12v6j145ZqXx1FEZ+gcVZCLblAN3aM6aiCKJugZvaI3K7NerHfrY9lasPKZU/QH1ucPx46Saw==</latexit>
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Estimating the Transition Matrix from the Training Observations 

X1 : X1
1 , . . . , X

T
1

<latexit sha1_base64="JIuN7pesWpQtZ9EXzqhJARShyoQ=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCCGqkpQJSqmSiyMRepLakPkOE5r1XGC7SBVUf+AhV9hYQAhVlY2/gYnzQAtR7J8fO49ur7HixmVyrK+jZXVtfWNzdJWeXtnd2/fPDjsyigRmHRwxCLR95AkjHLSUVQx0o8FQaHHSM+bXGf13gMRkka8raYxcUI04jSgGCktueZZ37Xh8D5BPrwqbq3c2VU49CMlq/mrXXbNilWzcsBlYhekAgq0XPNL+3ESEq4wQ1IObCtWToqEopiRWXmYSBIjPEEjMtCUo5BIJ833mcFTrfgwiIQ+XMFc/e1IUSjlNPR0Z4jUWC7WMvG/2iBRQcNJKY8TRTieDwoSBlUEs3CgTwXBik01QVhQ/VeIx0ggrHSEWQj24srLpHtRs+u1+m290mwUcZTAMTgB58AGl6AJbkALdAAGj+AZvII348l4Md6Nj3nrilF4jsAfGJ8/Q5WZnQ==</latexit>

X2 : X1
2 , . . . , X

T
2

<latexit sha1_base64="qZowDnPzq+dg99zfIvx/Yg/7U/o=">AAACD3icbVC7TsMwFHXKq5RXgJHFogIxVFVSVaJiqsTCWKS+pDZEjuO0Vh0n2A5SFfUPWPgVFgYQYmVl429w2gzQciTLx+feo+t7vJhRqSzr2yisrW9sbhW3Szu7e/sH5uFRV0aJwKSDIxaJvockYZSTjqKKkX4sCAo9Rnre5Dqr9x6IkDTibTWNiROiEacBxUhpyTXP+24NDu8T5MOr/NbKnV2BQz9SsjJ/tUuuWbaq1hxwldg5KYMcLdf80n6chIQrzJCUA9uKlZMioShmZFYaJpLECE/QiAw05Sgk0knn+8zgmVZ8GERCH67gXP3tSFEo5TT0dGeI1Fgu1zLxv9ogUUHDSSmPE0U4XgwKEgZVBLNwoE8FwYpNNUFYUP1XiMdIIKx0hFkI9vLKq6Rbq9r1av22Xm428jiK4AScggtgg0vQBDegBToAg0fwDF7Bm/FkvBjvxseitWDknmPwB8bnD0hYmaA=</latexit>

XN : X1
N , . . . , XT

N

<latexit sha1_base64="77PVXBwsMZ3Xh+HZEZDYFrmrMwE=">AAACD3icbVC7TsMwFHXKq5RXgJHFogIxVFWCKlExVWJhQkXqS2pD5DhOa9Vxgu0gVVX/gIVfYWEAIVZWNv4GJ80ALUeyfHzuPbq+x4sZlcqyvo3Cyura+kZxs7S1vbO7Z+4fdGSUCEzaOGKR6HlIEkY5aSuqGOnFgqDQY6Trja/SeveBCEkj3lKTmDghGnIaUIyUllzztOfewMF9gnx4md9aubMrcOBHSlayV6vkmmWramWAy8TOSRnkaLrml/bjJCRcYYak7NtWrJwpEopiRmalQSJJjPAYDUlfU45CIp1pts8MnmjFh0Ek9OEKZupvxxSFUk5CT3eGSI3kYi0V/6v1ExXUnSnlcaIIx/NBQcKgimAaDvSpIFixiSYIC6r/CvEICYSVjjANwV5ceZl0zqt2rVq7rZUb9TyOIjgCx+AM2OACNMA1aII2wOARPINX8GY8GS/Gu/Exby0YuecQ/IHx+QPNrJn0</latexit>

...

<latexit sha1_base64="+8TT63SEz6qu+oiVNr513FhmtYM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSsMeCF48V7Ae0oWw223btZjfsTgol9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dgpb2zu7e8X90sHh0fFJ+fSsbVSqKWtRJZTuhsQwwSVrIUfBuolmJA4F64STu4XfmTJtuJKPOEtYEJOR5ENOCVqp3Z9GCs2gXPGq3hLuJvFzUoEczUH5qx8pmsZMIhXEmJ7vJRhkRCOngs1L/dSwhNAJGbGepZLEzATZ8tq5e2WVyB0qbUuiu1R/T2QkNmYWh7YzJjg2695C/M/rpTisBxmXSYpM0tWiYSpcVO7idTfimlEUM0sI1dze6tIx0YSiDahkQ/DXX94k7ZuqX6vWHmqVRj2PowgXcAnX4MMtNOAemtACCk/wDK/w5ijnxXl3PlatBSefOYc/cD5/AMqzjz8=</latexit>

Training Observations 

•  The Data is of the form                   : we call it a tensor of shape (N, T). 

•  Each   represents a word in the English dictionary of dimension V. So, 

•  Let’s introduce the parameters       and      ,  where  : 

•  Our objective is to find optimal       and        (i.e the ones that maximize the likelihood of the data) 

X = [Xt
i ]{1iN ;1tT}

<latexit sha1_base64="MVYOPVrDqoYt3uQg2+tmDRy1zVY=">AAACH3icbVDLSgMxFM3UV62vqks3wSK4KjNStCBCwY0rqdAXdMYhk6ZtaOZhckcow/yJG3/FjQtFxF3/xrRTQVsPhHs4515u7vEiwRWY5sTIrayurW/kNwtb2zu7e8X9g5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3uh66rcfmVQ8DBowjpjjk0HA+5wS0JJbPO/gK9ztuAlP78FxEzvBFrYFe8A8K7eXPwJkpYHtNHWLJbNszoCXiTUnJTRH3S1+2b2Qxj4LgAqiVNcyI3ASIoFTwdKCHSsWEToiA9bVNCA+U04yuy/FJ1rp4X4o9QsAz9TfEwnxlRr7nu70CQzVojcV//O6MfSrTsKDKAYW0GxRPxYYQjwNC/e4ZBTEWBNCJdd/xXRIJKGgIy3oEKzFk5dJ66xsVcqVu0qpVp3HkUdH6BidIgtdoBq6QXXURBQ9oRf0ht6NZ+PV+DA+s9acMZ85RH9gTL4BnMCgNg==</latexit>

Xt
i

<latexit sha1_base64="GTi6Q6yzSa1LDKQkxydfT3HyHlA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokU7LHgxWMF0xbaWDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFrJ7w7EIw4qVbfmLkDWiVeQKhRoDSpf/WHCspgrZJIa0/PcFIOcahRM8lm5nxmeUjahI96zVNGYmyBfHDsjl1YZkijRthSShfp7IqexMdM4tJ0xxbFZ9ebif14vw6gR5EKlGXLFlouiTBJMyPxzMhSaM5RTSyjTwt5K2JhqytDmU7YheKsvr5P2dc2r1+r39WqzUcRRgnO4gCvw4AaacAct8IGBgGd4hTdHOS/Ou/OxbN1wipkz+APn8we5246b</latexit>

Xt
i 2 {1, . . . , V }

<latexit sha1_base64="dyeH0+c6uL8yA7Bv1M0sqI0JXBI=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBRSmJFOyy4MZlBfuAJobJdNoOnUzCzI1QQsGNv+LGhSJu/Ql3/o3TNgttPTBwOOce7twTJoJrcJxvq7C2vrG5Vdwu7ezu7R/Yh0dtHaeKshaNRay6IdFMcMlawEGwbqIYiULBOuH4euZ3HpjSPJZ3MEmYH5Gh5ANOCRgpsE+6Ab8H7HGJvcytYK8fg67gNvamgV12qs4ceJW4OSmjHM3A/jJpmkZMAhVE657rJOBnRAGngk1LXqpZQuiYDFnPUEkipv1sfsMUnxuljwexMk8Cnqu/ExmJtJ5EoZmMCIz0sjcT//N6KQzqfsZlkgKTdLFokAoMMZ4VgvtcMQpiYgihipu/YjoiilAwtZVMCe7yyaukfVl1a9Xaba3cqOd1FNEpOkMXyEVXqIFuUBO1EEWP6Bm9ojfryXqx3q2PxWjByjPH6A+szx9y7JYW</latexit>

⇡⇤

<latexit sha1_base64="Z/rxvOp5afuWSxj+L1THQ9Zkjk4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHEQ9mVgj0WvHisYD+gXUs2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RmvrG5tb24Wd4u7e/sFh6ei4ZVSqKWtSJZTuhMQwwSVrWm4F6ySakTgUrB2Ob2Z++4lpw5W8t5OEBTEZSh5xSqyTWr2EP1zifqnsVbw58Crxc1KGHI1+6as3UDSNmbRUEGO6vpfYICPacirYtNhLDUsIHZMh6zoqScxMkM2vneJzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje1US3IuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1ARReCv/zyKmldVfxqpXpXLddreRwFOIUzuAAfrqEOt9CAJlB4hGd4hTek0At6Rx+L1jWUz5zAH6DPH8DzjpA=</latexit>

Q⇤

<latexit sha1_base64="3vI1c2qyCQMXeyJ4rispiawa0oo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5JIwR4LXjy2aD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpWemhek0Gp7FbcBcg68XJShhyNQemrP4xZGnGFTFJjep6boJ9RjYJJPiv2U8MTyiZ0xHuWKhpx42eLU2fk0ipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGNb8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0ijYEb/XlddK+qXjVSrVZLddreRwFOIcLuAIPbqEO99CAFjAYwTO8wpsjnRfn3flYtm44+cwZ/IHz+QNlLo0w</latexit>

8v 2 {1, . . . , V } ⇡v = p(X1
i = v)

<latexit sha1_base64="xnpN6MWzlfGwIctE64G8LDXwWD0="></latexit>

8v, w 2 {1, . . . , V } Qvw = p(Xt+1
i = w|Xt

i = v)

<latexit sha1_base64="Ybkn6tU++6IsMzcGD1BpBDusEg4="></latexit>

Q

<latexit sha1_base64="NzQkiCUgL9cAbWm6LIKyceZrcUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzUsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6tWqtVas06nkcRbiAS7gGD26hAffQhDYwQHiGV3hzHp0X5935WLUWnHzmHP7A+fwBqmGM0g==</latexit>

⇡

<latexit sha1_base64="b5R2oTOXfnZF0mOX7wR1YeDbBVM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk0B4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT24XffUKleSwfzSxBP6JjyUPOqLHSwyDhw3LFrbpLkE3i5aQCOVrD8tdgFLM0QmmYoFr3PTcxfkaV4UzgvDRINSaUTekY+5ZKGqH2s+Wpc3JllREJY2VLGrJUf09kNNJ6FgW2M6Jmote9hfif109N2PAzLpPUoGSrRWEqiInJ4m8y4gqZETNLKFPc3krYhCrKjE2nZEPw1l/eJJ2bqler1u5rlWYjj6MIF3AJ1+BBHZpwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hD5zPH08Bjco=</latexit>
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Maximum Likelihood Estimation for the Markov Model: 

Interactive Session 
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Estimating the Transition Matrix from Training Data 

•  Let’s recall the parameters we want to optimize:  

•  We introduce for all                     the following counts:  

 
   : The number of times the word     appears at the beginning of a sentence.  
 
   

            The number of times we transition from the word      to         

•  After a Maximum Likelihood estimation, we find the following optimal (and very intuitive) parameters:  

v, w 2 {1, . . . , V }

<latexit sha1_base64="1+yAvYw34isReaFMSS1t2mgASTE=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF6UkUrDLghuXFewDmlAm00k7dDIJM5NKCXXjr7hxoYhb/8Kdf+O0zUJbDwwczrmHO/cECWdKO863tba+sbm1Xdgp7u7tHxzaR8ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQejm5nfHlOpWCzu9SShfoQHgoWMYG2knn06Lj8gjwnkZW4Zef1YK1RGLW/as0tOxZkDrRI3JyXI0ejZXyZN0ogKTThWqus6ifYzLDUjnE6LXqpogskID2jXUIEjqvxsfsEUXRilj8JYmic0mqu/ExmOlJpEgZmMsB6qZW8m/ud1Ux3W/IyJJNVUkMWiMOVIx2hWB+ozSYnmE0Mwkcz8FZEhlphoU1rRlOAun7xKWlcVt1qp3lVL9VpeRwHO4BwuwYVrqMMtNKAJBB7hGV7hzXqyXqx362MxumblmRP4A+vzB8rilSk=</latexit>

v

<latexit sha1_base64="a2ywhy3aOO2OcKN/TqWcoAF2Jyg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx5bsK3QhrLZTtq1m03Y3RRK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrx4BqFFxi23Aj8DFRSKNAYDeY3C387hSV5rF8MLME/YiOJA85o8ZKremgXHGr7hJkk3g5qUCO5qD81R/GLI1QGiao1j3PTYyfUWU4Ezgv9VONCWUTOsKepZJGqP1seeicXFllSMJY2ZKGLNXfExmNtJ5Fge2MqBnrdW8h/uf1UhPW/YzLJDUo2WpRmApiYrL4mgy5QmbEzBLKFLe3EjamijJjsynZELz1lzdJ56bq1aq1Vq3SqOdxFOECLuEaPLiFBtxDE9rAAOEZXuHNeXJenHfnY9VacPKZc/gD5/MH4nWM9w==</latexit>

Cvw =
NX

i=1

T�1X

t=1

�{Xt
i=v}�{Xt+1

i =w}

<latexit sha1_base64="VJj1hg2Aq5syQG8ZtpiBEDbVEBQ="></latexit>

C1
v =

NX

i=1

�{X1
i =v}

<latexit sha1_base64="EZjV1TKDAmms/fLBQhTnvfJL7iY=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARXJWMFOxGKHTjSirYCzRpmEym7dDJhZlJoYQ8hxtfxY0LRdyJG9/GSZuFtv4w8PGfczhzfi/mTCrL+jZKG5tb2zvl3cre/sHhkXl80pVRIgjtkIhHou9hSTkLaUcxxWk/FhQHHqc9b9rK670ZFZJF4YOax9QJ8DhkI0aw0pZrotYQuTN4A22ZBG7KNKFseAdtn3KF3dROYd9lQ6T9GbSzDFZcs2rVrIXgOqACqqBQ2zU/bT8iSUBDRTiWcoCsWDkpFooRTrOKnUgaYzLFYzrQGOKASiddnJbBC+34cBQJ/UIFF+7viRQHUs4DT3cGWE3kai03/6sNEjVqOCkL40TRkCwXjRIOVQTznKDPBCWKzzVgIpj+KyQTLDBROs08BLR68jp0r2qoXqvf16vNRhFHGZyBc3AJELgGTXAL2qADCHgEz+AVvBlPxovxbnwsW0tGMXMK/sj4+gGmh54a</latexit>

w

<latexit sha1_base64="gA1etwkE1DuX40vybAG5SJBy8xg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx5bsB/QhrLZTtq1m03Y3Sgl9Bd48aCIV3+SN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgobm1vbO8Xd0t7+weFR+fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPpzcLvPqDSPJZ3ZpagH9Gx5CFn1Fip9TgsV9yquwT5S7ycVCBHc1j+HIxilkYoDRNU677nJsbPqDKcCZyXBqnGhLIpHWPfUkkj1H62PHROLqwyImGsbElDlurPiYxGWs+iwHZG1Ez0urcQ//P6qQnrfsZlkhqUbLUoTAUxMVl8TUZcITNiZgllittbCZtQRZmx2ZRsCN76y39J56rq1aq1Vq3SqOdxFOEMzuESPLiGBtxCE9rAAOEJXuDVuXeenTfnfdVacPKZU/gF5+Mb4/mM+A==</latexit>

⇡⇤
v =

C1
v

VP
v0=1

C1
v0

<latexit sha1_base64="B0ReC6G9Y+TgG1Dn79wSx+xCi/0="></latexit>

8v 2 {1, . . . , V } ⇡v = p(X1
i = v)

<latexit sha1_base64="xnpN6MWzlfGwIctE64G8LDXwWD0="></latexit>

8v, w 2 {1, . . . , V } Qvw = p(Xt+1
i = w|Xt

i = v)

<latexit sha1_base64="Ybkn6tU++6IsMzcGD1BpBDusEg4="></latexit>

Q⇤
vw =

Cvw

VP
w0=1

Cvw0

<latexit sha1_base64="3oXBW3RcCFzdrzYF9hJe0WKPO8E="></latexit>
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Limits of a Model driven by a Markov Process 

•  The Markov Model has a lot of limitations: 

•  A Memory Structure limit: First, the Markov Property corresponds to a very strong assumption: 
Making each word only depend on the previous one is not realistic. 

•  A Dimensionality limit: If we have                          words in our Dictionnary, then a Markov Model 
will have about            parameters to train, corresponding to all the possible pairs.  

 
•  A Missing Value limit: It is also very unlikely to find all these pairs in the training dataset.  
 

V ⇡ 100.000

<latexit sha1_base64="uUM7ruMX6GcK9YdknpVjBD9wi4w=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqmSkYJcFNy4r2Ae0Q8mkmTY0k4Qko5axn+LGhSJu/RJ3/o1pOwttPXC5h3PuJTcnUpwZi9C3V9jY3NreKe6W9vYPDo/88nHbyFQT2iKSS92NsKGcCdqyzHLaVZriJOK0E02u537nnmrDpLizU0XDBI8EixnB1kkDv9yGfayUlo8wQKiKEBr4lUV3gOskyEkF5GgO/K/+UJI0ocISjo3pBUjZMMPaMsLprNRPDVWYTPCI9hwVOKEmzBanz+C5U4YwltqVsHCh/t7IcGLMNIncZILt2Kx6c/E/r5fauB5mTKjUUkGWD8Uph1bCeQ5wyDQllk8dwUQzdyskY6wxsS6tkgshWP3yOmlfVoNatXZbqzTqeRxFcArOwAUIwBVogBvQBC1AwAN4Bq/gzXvyXrx372M5WvDynRPwB97nD39yki0=</latexit>

1010

<latexit sha1_base64="MkQTNeM1R33enYbhExUsRlKtBzE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk0B4LXjxWsB/QxrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqAWcJ9yM6ViIUjKKVup77mHnufFiuuFV3CbJJvJxUIEdrWP4ajGKWRlwhk9SYvucm6GdUo2CSz0uD1PCEsikd876likbc+Nny3Dm5ssqIhLG2pZAs1d8TGY2MmUWB7YwoTsy6txD/8/ophg0/EypJkSu2WhSmkmBMFr+TkdCcoZxZQpkW9lbCJlRThjahkg3BW395k3Ruql6tWruvVZqNPI4iXMAlXIMHdWjCHbSgDQym8Ayv8OYkzovz7nysWgtOPnMOf+B8/gA/QI7V</latexit>
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How could we more realistically  use the Markov Approach? 

•  The next section will introduce a more subtle approach using the Markov scheme. In an other way rather 
than having the states (the words) in an observation which depend on their previous neighbour, we 
introduce a latent variable (the grammar) which will driver each state and which in turn will follow the 
Markov property. This is the reason why the word “Hidden” start to be used, as the latent variable (the 
grammar) has to be discovered by the model.  

•  A Hidden Markov Model (HMM) is a powerful discrete time / discrete state generative model which aims 
to solve the issues of the Markov Model via the concept of Latent Variables. A common metaphor is to 
think of the HMM as if the Markov Model were a mechanism hidden behind a curtain. The observer 
doesn't have any knowledge of how the mechanism is operating, and only knows what is going on behind 
the curtain from periodic reports that are emitted by the mechanism. 

•  In particular, it’s worth noticing that the HMM model has the advantage of being able to represent long-
range dependencies between observations. The Markov Property still holds, but not for the observations 
themselves. 
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Part 3 : Hidden Markov Models 
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Introduction: 

 
  

•  Examples of HMMs where the hidden states have specific meanings:  

•  Automatic Speech Recognition: The observation is the speech signal and the hidden state is 
the text. 

 
 
 
 
 

•  POS (Part Of Speech) Tagging : The observation is the sentence, the hidden state is the syntax. 
 

    

Xi

<latexit sha1_base64="EG5cuN285nQck9RwwkJz3r0mMAQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx4r2g9oY9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+54lrI2L1gNOE+xEdKREKRtFK991HMShX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw7qfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVa9Wrd3VKo16HkcRzuAcLsGDa2jALTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAtj420</latexit>

H
i

<latexit sha1_base64="H0kEPSn2BWGnLhCtGfXE2pRKGpA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU7LHgpceK9gPaWDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHssHM03Qj+hI8pAzaqx033jkg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPMzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+3riletVO+q5Xotj6MA53ABV+DBDdShAU1oAYMRPMMrvDnCeXHenY9l64aTz5zBHzifPxUvjaQ=</latexit>

Hidden state 

Observation 

Timothy likes the friendly lady 

Noun Verb Det Adjective Noun 

•  The basic idea behind the HMM is the concept of a hidden state 
responsible for the observation.  
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Parameterization: The Hidden States form a Markov Chain 

 
•  Let us consider the example of POS tagging: 

•  We have M discrete syntax tags {Noun (N), Verb (V), Determinant (D), …} and V discrete words in the 
English Dictionnary.  

•  The dynamics of the tags will be parameterized by a Markov Model :                   and  

•  The Markov Property makes much more sense in terms of grammar rules. For instance, we expect 
p(Noun| Determinant) to be high and p(Det|Det) to be very low.  

•  Illustration: 

Timothy likes the friendly lady 

Noun Verb Det Adjective Noun 

⇡ 2 RM

<latexit sha1_base64="owCIq1NnJFgRhUjyZYF3vtl+lMc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWRgl0W3LgRqtgHNLFMppN26GQSZiZCDcVfceNCEbf+hzv/xknbhbYeGDiccy/3zAkSzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6PL3G8/UKlYLO70OKF+hAeChYxgbaSefeQlDHlMIC/CehgE2e3k/rpnl52KMwVaJu6clGGORs/+8voxSSMqNOFYqa7rJNrPsNSMcDopeamiCSYjPKBdQwWOqPKzafoJOjVKH4WxNE9oNFV/b2Q4UmocBWYyz6gWvVz8z+umOqz5GRNJqqkgs0NhypGOUV4F6jNJieZjQzCRzGRFZIglJtoUVjIluItfXiat84pbrVRvquV6bV5HEY7hBM7AhQuowxU0oAkEHuEZXuHNerJerHfrYzZasOY7h/AH1ucP44mU1w==</latexit>

Q 2 RM⇥M

<latexit sha1_base64="8wklVbyuLqtbKKH3YldRd3cPVek=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5JIwR4LXrwUWrEf0MSy2W7bpZtN2J0IJfTkxb/ixYMiXv0N3vw3btoetPXBwOO9GWbmBbHgGhzn28qtrW9sbuW3Czu7e/sH9uFRS0eJoqxJIxGpTkA0E1yyJnAQrBMrRsJAsHYwvs789gNTmkfyDiYx80MylHzAKQEj9ezTBva4xF5IYBQE6e30Pq1hD3jINK5Ne3bRKTkz4FXiLkgRLVDv2V9eP6JJyCRQQbTuuk4MfkoUcCrYtOAlmsWEjsmQdQ2VxOzx09kbU3xulD4eRMqUBDxTf0+kJNR6EgamMztXL3uZ+J/XTWBQ8VMu4wSYpPNFg0RgiHCWCe5zxSiIiSGEKm5uxXREFKFgkiuYENzll1dJ67LklkvlRrlYrSziyKMTdIYukIuuUBXdoDpqIooe0TN6RW/Wk/VivVsf89actZg5Rn9gff4AOTWYUA==</latexit>

.9 

.05 

.05 

.05 

.65 .3 

.2 

.7 

.1 Q =

0

@
.1 .7 .2
.3 .05 .65
.9 .05 .05

1

A

<latexit sha1_base64="e/wdKeO8wPYtxcd6+TvF9J3F77M="></latexit>

N V D 

N 
V 

D 

Although we often imbue the hidden states with some specific meaning, they don’t necessarily have to represent anything tangible.  
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Parameterization : Obtaining the Observation Matrix 

•  Each Hidden state is responsible for a discrete probability distribution over all the possible words in the 
English Vocabulary: 

•  We group all these probability distributions into a matrix called the Observation Matrix.  

 

Verb 

a              0. 
apple       0.     
 
think       0.1 
 
zoo          0. 
 

...

<latexit sha1_base64="gflNAXfHytKoWQkP7nun5G8H2rw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VbCu0oWw2m3btJht2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSMSrTjLeZkko/BtRwKRLeRoGSP6aa0ziQvBuMb+d+d8K1ESp5wGnK/ZgOExEJRtFKnf4kVGgG1Zpbdxcg68QrSA0KtAbVr36oWBbzBJmkxvQ8N0U/pxoFk3xW6WeGp5SN6ZD3LE1ozI2fL66dkQurhCRS2laCZKH+nshpbMw0DmxnTHFkVr25+J/XyzC68XORpBnyhC0XRZkkqMj8dRIKzRnKqSWUaWFvJWxENWVoA6rYELzVl9dJ56ruNeqN+0at2SjiKMMZnMMleHANTbiDFrSBwRM8wyu8Ocp5cd6dj2VrySlmTuEPnM8fyX+POw==</latexit>

...

<latexit sha1_base64="gflNAXfHytKoWQkP7nun5G8H2rw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VbCu0oWw2m3btJht2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSMSrTjLeZkko/BtRwKRLeRoGSP6aa0ziQvBuMb+d+d8K1ESp5wGnK/ZgOExEJRtFKnf4kVGgG1Zpbdxcg68QrSA0KtAbVr36oWBbzBJmkxvQ8N0U/pxoFk3xW6WeGp5SN6ZD3LE1ozI2fL66dkQurhCRS2laCZKH+nshpbMw0DmxnTHFkVr25+J/XyzC68XORpBnyhC0XRZkkqMj8dRIKzRnKqSWUaWFvJWxENWVoA6rYELzVl9dJ56ruNeqN+0at2SjiKMMZnMMleHANTbiDFrSBwRM8wyu8Ocp5cd6dj2VrySlmTuEPnM8fyX+POw==</latexit>

a               0. 
apple       0.12     
 
think          0. 
 
zoo          0.13 
 

...

<latexit sha1_base64="gflNAXfHytKoWQkP7nun5G8H2rw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VbCu0oWw2m3btJht2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSMSrTjLeZkko/BtRwKRLeRoGSP6aa0ziQvBuMb+d+d8K1ESp5wGnK/ZgOExEJRtFKnf4kVGgG1Zpbdxcg68QrSA0KtAbVr36oWBbzBJmkxvQ8N0U/pxoFk3xW6WeGp5SN6ZD3LE1ozI2fL66dkQurhCRS2laCZKH+nshpbMw0DmxnTHFkVr25+J/XyzC68XORpBnyhC0XRZkkqMj8dRIKzRnKqSWUaWFvJWxENWVoA6rYELzVl9dJ56ruNeqN+0at2SjiKMMZnMMleHANTbiDFrSBwRM8wyu8Ocp5cd6dj2VrySlmTuEPnM8fyX+POw==</latexit>

...

<latexit sha1_base64="gflNAXfHytKoWQkP7nun5G8H2rw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VbCu0oWw2m3btJht2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSMSrTjLeZkko/BtRwKRLeRoGSP6aa0ziQvBuMb+d+d8K1ESp5wGnK/ZgOExEJRtFKnf4kVGgG1Zpbdxcg68QrSA0KtAbVr36oWBbzBJmkxvQ8N0U/pxoFk3xW6WeGp5SN6ZD3LE1ozI2fL66dkQurhCRS2laCZKH+nshpbMw0DmxnTHFkVr25+J/XyzC68XORpBnyhC0XRZkkqMj8dRIKzRnKqSWUaWFvJWxENWVoA6rYELzVl9dJ56ruNeqN+0at2SjiKMMZnMMleHANTbiDFrSBwRM8wyu8Ocp5cd6dj2VrySlmTuEPnM8fyX+POw==</latexit>

a              0.15 
apple        0.     
 
think         0. 
 
zoo           0. 
 

...

<latexit sha1_base64="gflNAXfHytKoWQkP7nun5G8H2rw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VbCu0oWw2m3btJht2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSMSrTjLeZkko/BtRwKRLeRoGSP6aa0ziQvBuMb+d+d8K1ESp5wGnK/ZgOExEJRtFKnf4kVGgG1Zpbdxcg68QrSA0KtAbVr36oWBbzBJmkxvQ8N0U/pxoFk3xW6WeGp5SN6ZD3LE1ozI2fL66dkQurhCRS2laCZKH+nshpbMw0DmxnTHFkVr25+J/XyzC68XORpBnyhC0XRZkkqMj8dRIKzRnKqSWUaWFvJWxENWVoA6rYELzVl9dJ56ruNeqN+0at2SjiKMMZnMMleHANTbiDFrSBwRM8wyu8Ocp5cd6dj2VrySlmTuEPnM8fyX+POw==</latexit>

...

<latexit sha1_base64="gflNAXfHytKoWQkP7nun5G8H2rw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VbCu0oWw2m3btJht2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSMSrTjLeZkko/BtRwKRLeRoGSP6aa0ziQvBuMb+d+d8K1ESp5wGnK/ZgOExEJRtFKnf4kVGgG1Zpbdxcg68QrSA0KtAbVr36oWBbzBJmkxvQ8N0U/pxoFk3xW6WeGp5SN6ZD3LE1ozI2fL66dkQurhCRS2laCZKH+nshpbMw0DmxnTHFkVr25+J/XyzC68XORpBnyhC0XRZkkqMj8dRIKzRnKqSWUaWFvJWxENWVoA6rYELzVl9dJ56ruNeqN+0at2SjiKMMZnMMleHANTbiDFrSBwRM8wyu8Ocp5cd6dj2VrySlmTuEPnM8fyX+POw==</latexit>

Det Noun 

...

<latexit sha1_base64="gflNAXfHytKoWQkP7nun5G8H2rw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VbCu0oWw2m3btJht2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSMSrTjLeZkko/BtRwKRLeRoGSP6aa0ziQvBuMb+d+d8K1ESp5wGnK/ZgOExEJRtFKnf4kVGgG1Zpbdxcg68QrSA0KtAbVr36oWBbzBJmkxvQ8N0U/pxoFk3xW6WeGp5SN6ZD3LE1ozI2fL66dkQurhCRS2laCZKH+nshpbMw0DmxnTHFkVr25+J/XyzC68XORpBnyhC0XRZkkqMj8dRIKzRnKqSWUaWFvJWxENWVoA6rYELzVl9dJ56ruNeqN+0at2SjiKMMZnMMleHANTbiDFrSBwRM8wyu8Ocp5cd6dj2VrySlmTuEPnM8fyX+POw==</latexit>

...

<latexit sha1_base64="gflNAXfHytKoWQkP7nun5G8H2rw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VbCu0oWw2m3btJht2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSMSrTjLeZkko/BtRwKRLeRoGSP6aa0ziQvBuMb+d+d8K1ESp5wGnK/ZgOExEJRtFKnf4kVGgG1Zpbdxcg68QrSA0KtAbVr36oWBbzBJmkxvQ8N0U/pxoFk3xW6WeGp5SN6ZD3LE1ozI2fL66dkQurhCRS2laCZKH+nshpbMw0DmxnTHFkVr25+J/XyzC68XORpBnyhC0XRZkkqMj8dRIKzRnKqSWUaWFvJWxENWVoA6rYELzVl9dJ56ruNeqN+0at2SjiKMMZnMMleHANTbiDFrSBwRM8wyu8Ocp5cd6dj2VrySlmTuEPnM8fyX+POw==</latexit>

...

<latexit sha1_base64="gflNAXfHytKoWQkP7nun5G8H2rw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VbCu0oWw2m3btJht2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSMSrTjLeZkko/BtRwKRLeRoGSP6aa0ziQvBuMb+d+d8K1ESp5wGnK/ZgOExEJRtFKnf4kVGgG1Zpbdxcg68QrSA0KtAbVr36oWBbzBJmkxvQ8N0U/pxoFk3xW6WeGp5SN6ZD3LE1ozI2fL66dkQurhCRS2laCZKH+nshpbMw0DmxnTHFkVr25+J/XyzC68XORpBnyhC0XRZkkqMj8dRIKzRnKqSWUaWFvJWxENWVoA6rYELzVl9dJ56ruNeqN+0at2SjiKMMZnMMleHANTbiDFrSBwRM8wyu8Ocp5cd6dj2VrySlmTuEPnM8fyX+POw==</latexit>

...

<latexit sha1_base64="gflNAXfHytKoWQkP7nun5G8H2rw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VbCu0oWw2m3btJht2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSMSrTjLeZkko/BtRwKRLeRoGSP6aa0ziQvBuMb+d+d8K1ESp5wGnK/ZgOExEJRtFKnf4kVGgG1Zpbdxcg68QrSA0KtAbVr36oWBbzBJmkxvQ8N0U/pxoFk3xW6WeGp5SN6ZD3LE1ozI2fL66dkQurhCRS2laCZKH+nshpbMw0DmxnTHFkVr25+J/XyzC68XORpBnyhC0XRZkkqMj8dRIKzRnKqSWUaWFvJWxENWVoA6rYELzVl9dJ56ruNeqN+0at2SjiKMMZnMMleHANTbiDFrSBwRM8wyu8Ocp5cd6dj2VrySlmTuEPnM8fyX+POw==</latexit>

...

<latexit sha1_base64="gflNAXfHytKoWQkP7nun5G8H2rw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VbCu0oWw2m3btJht2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSMSrTjLeZkko/BtRwKRLeRoGSP6aa0ziQvBuMb+d+d8K1ESp5wGnK/ZgOExEJRtFKnf4kVGgG1Zpbdxcg68QrSA0KtAbVr36oWBbzBJmkxvQ8N0U/pxoFk3xW6WeGp5SN6ZD3LE1ozI2fL66dkQurhCRS2laCZKH+nshpbMw0DmxnTHFkVr25+J/XyzC68XORpBnyhC0XRZkkqMj8dRIKzRnKqSWUaWFvJWxENWVoA6rYELzVl9dJ56ruNeqN+0at2SjiKMMZnMMleHANTbiDFrSBwRM8wyu8Ocp5cd6dj2VrySlmTuEPnM8fyX+POw==</latexit>

...

<latexit sha1_base64="gflNAXfHytKoWQkP7nun5G8H2rw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VbCu0oWw2m3btJht2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSMSrTjLeZkko/BtRwKRLeRoGSP6aa0ziQvBuMb+d+d8K1ESp5wGnK/ZgOExEJRtFKnf4kVGgG1Zpbdxcg68QrSA0KtAbVr36oWBbzBJmkxvQ8N0U/pxoFk3xW6WeGp5SN6ZD3LE1ozI2fL66dkQurhCRS2laCZKH+nshpbMw0DmxnTHFkVr25+J/XyzC68XORpBnyhC0XRZkkqMj8dRIKzRnKqSWUaWFvJWxENWVoA6rYELzVl9dJ56ruNeqN+0at2SjiKMMZnMMleHANTbiDFrSBwRM8wyu8Ocp5cd6dj2VrySlmTuEPnM8fyX+POw==</latexit>

O =

0

BBBBBBBB@

0. . . . 0. . . . 0.15
0.12 . . . 0. . . . 0.
... . . .

... . . .
...

0. . . . 0.1 . . . 0.
... . . .

... . . .
...

0.13 . . . 0. . . . 0.

1

CCCCCCCCA

2 RV⇥M

<latexit sha1_base64="Yptrr5cnHgUb51bDJ6wg+oHmhIg="></latexit>
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What needs to be estimated to have a HMM work :  
•  To sum up, when we are dealing with discrete observations, the Hidden Markov Model is parametrized 

by the three following elements: 
 
•  Compared to the Markov Model, we have reduced the dimensionality from                    to  

Det 

⇡ =

0

BBBBBBBBB@

0.3
...
0.1
...
0.5
...

1

CCCCCCCCCA

<latexit sha1_base64="ET/Q9BsASmCvmry8vyfapuwS1vU="></latexit>

Q =

0

BBBBBB@

0.2 . . . 0.6 . . . 0.15
... . . .

... . . .
...

0.3 . . . 0.05 . . . 0.4
... . . .

... . . .
...

0.8 . . . 0.02 . . . 0.02

1

CCCCCCA

<latexit sha1_base64="EfWB32LYphPp5uzoJV3xd9yTHOM="></latexit>

⇡ 2 RM

<latexit sha1_base64="owCIq1NnJFgRhUjyZYF3vtl+lMc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWRgl0W3LgRqtgHNLFMppN26GQSZiZCDcVfceNCEbf+hzv/xknbhbYeGDiccy/3zAkSzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6PL3G8/UKlYLO70OKF+hAeChYxgbaSefeQlDHlMIC/CehgE2e3k/rpnl52KMwVaJu6clGGORs/+8voxSSMqNOFYqa7rJNrPsNSMcDopeamiCSYjPKBdQwWOqPKzafoJOjVKH4WxNE9oNFV/b2Q4UmocBWYyz6gWvVz8z+umOqz5GRNJqqkgs0NhypGOUV4F6jNJieZjQzCRzGRFZIglJtoUVjIluItfXiat84pbrVRvquV6bV5HEY7hBM7AhQuowxU0oAkEHuEZXuHNerJerHfrYzZasOY7h/AH1ucP44mU1w==</latexit>

Q 2 RM⇥M

<latexit sha1_base64="8wklVbyuLqtbKKH3YldRd3cPVek=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5JIwR4LXrwUWrEf0MSy2W7bpZtN2J0IJfTkxb/ixYMiXv0N3vw3btoetPXBwOO9GWbmBbHgGhzn28qtrW9sbuW3Czu7e/sH9uFRS0eJoqxJIxGpTkA0E1yyJnAQrBMrRsJAsHYwvs789gNTmkfyDiYx80MylHzAKQEj9ezTBva4xF5IYBQE6e30Pq1hD3jINK5Ne3bRKTkz4FXiLkgRLVDv2V9eP6JJyCRQQbTuuk4MfkoUcCrYtOAlmsWEjsmQdQ2VxOzx09kbU3xulD4eRMqUBDxTf0+kJNR6EgamMztXL3uZ+J/XTWBQ8VMu4wSYpPNFg0RgiHCWCe5zxSiIiSGEKm5uxXREFKFgkiuYENzll1dJ67LklkvlRrlYrSziyKMTdIYukIuuUBXdoDpqIooe0TN6RW/Wk/VivVsf89actZg5Rn9gff4AOTWYUA==</latexit>

O 2 RV⇥M

<latexit sha1_base64="3u6Vau3DlAVeutS5gi0yAA2qOEA=">AAACBnicbVBNS8NAEJ34WetX1aMIi0XwVBIpqLeCFy9iFfsBTSyb7aZdutmE3Y1QQk5e/CtePCji1d/gzX/jts1BWx8MPN6bYWaeH3OmtG1/WwuLS8srq4W14vrG5tZ2aWe3qaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/eDH2Ww9UKhaJOz2KqRfivmABI1gbqVs6uEYuE8gNsR74fnqb3adN5GoWUoWusm6pbFfsCdA8cXJShhz1bunL7UUkCanQhGOlOo4day/FUjPCaVZ0E0VjTIa4TzuGCmz2eOnkjQwdGaWHgkiaEhpN1N8TKQ6VGoW+6Ryfq2a9sfif10l0cOalTMSJpoJMFwUJRzpC40xQj0lKNB8Zgolk5lZEBlhiok1yRROCM/vyPGmeVJxqpXpTLdfO8zgKsA+HcAwOnEINLqEODSDwCM/wCm/Wk/VivVsf09YFK5/Zgz+wPn8ARECYWA==</latexit>

Noun 

Verb 

Noun Verb Det 

Noun 

Verb 

Det 

Noun Verb Det 

a 

apple 

think 

zoo 

O =

0

BBBBBBBB@

0. . . . 0. . . . 0.15
0.12 . . . 0. . . . 0.
... . . .

... . . .
...

0. . . . 0.1 . . . 0.
... . . .

... . . .
...

0.13 . . . 0. . . . 0.

1

CCCCCCCCA

<latexit sha1_base64="vfM35JGijbasBCsv2FVZd1VYdrw="></latexit>

V + V 2

<latexit sha1_base64="ShB36+c1kASKpQbH7r94RGLCzJI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQklKQI8FLx4r2LTQxrLZbtqlm924uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzopQzbVz321lb39jc2i7tlHf39g8OK0fHgZaZIrRFJJeqE2FNORO0ZZjhtJMqipOI03Y0vpn57SeqNJPi3kxSGiZ4KFjMCDZW6gToEgUPddSvVN2aOwdaJV5BqlCg2a989QaSZAkVhnCsdddzUxPmWBlGOJ2We5mmKSZjPKRdSwVOqA7z+b1TdG6VAYqlsiUMmqu/J3KcaD1JItuZYDPSy95M/M/rZia+DnMm0sxQQRaL4owjI9HseTRgihLDJ5Zgopi9FZERVpgYG1HZhuAtv7xKgnrN82v+nV9t+EUcJTiFM7gAD66gAbfQhBYQ4PAMr/DmPDovzrvzsWhdc4qZE/gD5/MH6PmOig==</latexit>

M +M2 +M ⇥ V

<latexit sha1_base64="COvHrFp9GoVL4qf7mwVgyT24TKc=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0UQhJKUgC4LbtwUKtgHtLFMppN26GQSZm6EWoq/4saFIm79D3f+jZM2C209MMPhnHu5954gEVyD43xbK6tr6xubha3i9s7u3r59cNjUcaooa9BYxKodEM0El6wBHARrJ4qRKBCsFYyuM7/1wJTmsbyDccL8iAwkDzklYKSefVzDF7h2X8l+3AUeMY2bPbvklJ0Z8DJxc1JCOeo9+6vbj2kaMQlUEK07rpOAPyEKOBVsWuymmiWEjsiAdQyVxIzxJ7Ptp/jMKH0cxso8CXim/u6YkEjrcRSYyojAUC96mfif10khvPInXCYpMEnng8JUYIhxFgXuc8UoiLEhhCpudsV0SBShYAIrmhDcxZOXSbNSdr2yd+uVql4eRwGdoFN0jlx0iaroBtVRA1H0iJ7RK3qznqwX6936mJeuWHnPEfoD6/MHuSeSzQ==</latexit>
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Maximum Likelihood Estimation for the HMM: 

Interactive Session 
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The limit and interest of the HMM approach 
 

•  By looking at a more abstract and synthetic element, the hidden variable, we acknowledge two things: 
o  Most of the time, it will be difficult to put a name and identify the meaning behind this variable. 
o  We have to lose part of the information in order to reduce dimensionality and handle a tractable 

model. 

•  In the previous model related to a sentence, we have for instance renounced to identify the precise word 
to come. The only things we will be able to say is that its most likely syntax is identifiable and that among 
such a syntax the most likely word is also identifiable. But we go for two levels of guesses. 

•  The HMM is therefore certainly not the best class of model to obtain a precise prediction. It carries the 
very useful advantage to invent classes, whose definition is not obvious, but as long as we find these 
classes informative generically, we have learnt something. In addition, provided we have enough data, 
we can learn from the HMM what is the optimal number of classes to consider. As a result it may prove a 
very effective clustering tool. 

•  In total the HMM should be considered as a data-parsimonious semi-supervised model from which we 
can identify a priori unknown clusters. 
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       https://mlfbg.github.io/MachineLearningInFinance/ 
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Programming Session 


