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Outline 

•  Introduction to the principles of Supervised Learning 
 
 
 
•  Linear Regression 

 
•  Logistic Regression 

•  Trees and Random Forests 
 

•  Programming Session 
•  Review of Python Programming 
•  Introducing the libraries : Numpy – Matplotlib – Pandas - TensorFlow 



Imperial means Intelligent Business Imperial College Business School 3 

Introduction to the principles of Supervised Learning 
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Categorisation of Supervised models 

•  In some instances, all explanatory features are considered on the same footing. This is typically the 
case with regressions, and related ones such as Logit (Parametric models). 

•  Alternatively, the explanatory features may be ordered in a successive manner in order to refine the 
selection effort (non Parametric models). 

•  In the first instance, fitting a model means finding the optimal weights applied to each feature. In the 
second instance finding the optimal model means ordering the most relevant features and finding the 
best cut-offs at each step. 
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Supervised Learning – Parametric Models 
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Setting up the Objective 

•  Supervised Learning is the process of learning a function which maps input data to an output based 
on several input-output pairs. Let's detail the process: 

•  First, we have a dataset of pairs {features, target} =                            over        

•  Typically :          and                  .  

•  The pairs                          are assumed to be independent and identically distributed (i.i.d.)  
following an unknown distribution. It is important to mention here that we assume no 
sequentiality in the data.     

•  Example:  
•  Let’s consider this small dataset: We try to predict whether a student will fail or pass the final 

exam based on some feature values.  
•             if the student pass,             if he fails.  
•  For each      , the first coordinate represents the number of hours spent on the course, the 

second coordinate is the average intermediary quiz mark and the third coordinate is the 
number of hours spent on the coursework.  

{(Xi, Yi)1in}

<latexit sha1_base64="YgHARqTXwPNLoAebQh83vovuxm8=">AAACCnicbVDLSsNAFJ3UV62vqks3o0WoICWRgC4LblxWsA9pQphMb9uhk0mcmQgldO3GX3HjQhG3foE7/8Zpm4VWD1zu4Zx7mbknTDhT2ra/rMLS8srqWnG9tLG5tb1T3t1rqTiVFJo05rHshEQBZwKammkOnUQCiUIO7XB0OfXb9yAVi8WNHifgR2QgWJ9Roo0UlA+9rNoJ2Cm+DdhJkDnY43CH2byJCfYmQbli1+wZ8F/i5KSCcjSC8qfXi2kagdCUE6W6jp1oPyNSM8phUvJSBQmhIzKArqGCRKD8bHbKBB8bpYf7sTQlNJ6pPzcyEik1jkIzGRE9VIveVPzP66a6f+FnTCSpBkHnD/VTjnWMp7ngHpNANR8bQqhk5q+YDokkVJv0SiYEZ/Hkv6R1VnPcmnvtVupuHkcRHaAjVEUOOkd1dIUaqIkoekBP6AW9Wo/Ws/Vmvc9HC1a+s49+wfr4BksjmLc=</latexit>

X ⇥ Y

<latexit sha1_base64="AKTse2VWTx2tDDf3AF6Jb8NEM24=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBbBVUkkoMuCG5cV7EOaUCbTSTt08mBmIpSQnRt/xY0LRdz6C+78GydtEG09cOFwzr3ce4+fcCaVZX0ZlZXVtfWN6mZta3tnd8/cP+jIOBWEtknMY9HzsaScRbStmOK0lwiKQ5/Trj+5KvzuPRWSxdGtmibUC/EoYgEjWGlpYB67IVZjgnnWy5GrWEgl+pHu8oFZtxrWDGiZ2CWpQ4nWwPx0hzFJQxopwrGUfdtKlJdhoRjhNK+5qaQJJhM8on1NI6wXetnsjxydamWIgljoihSaqb8nMhxKOQ193VmcKBe9QvzP66cquPQyFiWpohGZLwpSjlSMilDQkAlKFJ9qgolg+lZExlhgonR0NR2CvfjyMumcN2yn4dw49aZTxlGFIziBM7DhAppwDS1oA4EHeIIXeDUejWfjzXift1aMcuYQ/sD4+AZjsZmb</latexit>

X = RD

<latexit sha1_base64="6/ROA4jEK18WMAMic76OPGery5U=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCq5JIQDdCQRcuq9gHtLFMppN26OTBzEQoIeDGX3HjQhG3/oQ7/8ZJ2oW2Hhg4c8693HuPF3MmlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1rySgRhDZJxCPR8bCknIW0qZjitBMLigOP07Y3vsz99gMVkkXhnZrE1A3wMGQ+I1hpqW8e9AKsRgTztJOhC1T8PC+9ze6v+mbVqlkF0CKxZ6QKMzT65ldvEJEkoKEiHEvZta1YuSkWihFOs0ovkTTGZIyHtKtpiAMq3bS4IUPHWhkgPxL6hQoV6u+OFAdSTgJPV+Y7ynkvF//zuonyz92UhXGiaEimg/yEIxWhPBA0YIISxSeaYCKY3hWRERaYKB1bRYdgz5+8SFqnNdupOTdOte7M4ijDIRzBCdhwBnW4hgY0gcAjPMMrvBlPxovxbnxMS0vGrGcf/sD4/AF8YJdh</latexit>

Y = {0, 1}

<latexit sha1_base64="HwImr7Lzeteb7izcZaLV/mIMHK8=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwYWURAK6EQpuXFawD2lCmUwn7dDJg5mJUEI2/oobF4q49TPc+TdO2iy09cCFwzn3cu89fsKZVJb1bVRWVtfWN6qbta3tnd09c/+gI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv+5Kbwu49USBZH92qaUC/Eo4gFjGClpYF55IZYjQnm2UOOrpGbWefIRm4+MOtWw5oBLRO7JHUo0RqYX+4wJmlII0U4lrJvW4nyMiwUI5zmNTeVNMFkgke0r2mEQyq9bPZAjk61MkRBLHRFCs3U3xMZDqWchr7uLM6Vi14h/uf1UxVceRmLklTRiMwXBSlHKkZFGmjIBCWKTzXBRDB9KyJjLDBROrOaDsFefHmZdC4attNw7px60ynjqMIxnMAZ2HAJTbiFFrSBQA7P8ApvxpPxYrwbH/PWilHOHMIfGJ8/kBaVCw==</latexit>
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Xi

<latexit sha1_base64="KayB9O+oKhkprTt5yjwMWKhNt/Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDalGwSW2DDcCu6lCGocCO+Hkdu53nlBpnshHM00xiOlI8ogzaqz00B3wQbXm1t0FyDrxClKDAs1B9as/TFgWozRMUK17npuaIKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIlDVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ+2ruufX/Xu/1vCLOMpwBudwCR5cQwPuoAktYDCCZ3iFN0c4L86787FsLTnFzCn8gfP5Ay3gjbE=</latexit>

Yi = 1

<latexit sha1_base64="PQvGKhIe4dNbIaNmyN7Hp9rbBzM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokE9CIUvHisYD+kDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlQKg6777aytb2xubZd2yrt7+weHlaPjlkkyzXiTJTLRnZAaLoXiTRQoeSfVnMah5O1wfDvz209cG5GoB5ykPIjpUIlIMIpWaj/2BbkhXr9SdWvuHGSVeAWpQoFGv/LVGyQsi7lCJqkxXc9NMcipRsEkn5Z7meEpZWM65F1LFY25CfL5uVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjK6DXKg0Q67YYlGUSYIJmf1OBkJzhnJiCWVa2FsJG1FNGdqEyjYEb/nlVdK6rHl+zb/3q3W/iKMEp3AGF+DBFdThDhrQBAZjeIZXeHNS58V5dz4WrWtOMXMCf+B8/gDQV46I</latexit>

Yi = 0

<latexit sha1_base64="L871jRboqDX4Lyx77k5lZfLEinE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokE9CIUvHisYD+kDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlQKg6777aytb2xubZd2yrt7+weHlaPjlkkyzXiTJTLRnZAaLoXiTRQoeSfVnMah5O1wfDvz209cG5GoB5ykPIjpUIlIMIpWaj/2Bbkhbr9SdWvuHGSVeAWpQoFGv/LVGyQsi7lCJqkxXc9NMcipRsEkn5Z7meEpZWM65F1LFY25CfL5uVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjK6DXKg0Q67YYlGUSYIJmf1OBkJzhnJiCWVa2FsJG1FNGdqEyjYEb/nlVdK6rHl+zb/3q3W/iKMEp3AGF+DBFdThDhrQBAZjeIZXeHNS58V5dz4WrWtOMXMCf+B8/gDO046H</latexit>

X2 = [10, 10, 10]

<latexit sha1_base64="ih7Js3EUhG29DcyKtU5LHT0+QF8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBhZSkFKoLoeDGZQX7gDaEyXTSDp1MwsxELKG/4saFIm79EXf+jdM2C209cOFwzr137pwg4Uxpx/m2ChubW9s7xd3S3v7B4ZF9XO6oOJWEtknMY9kLsKKcCdrWTHPaSyTFUcBpN5jczv3uI5WKxeJBTxPqRXgkWMgI1kby7XLPr6Eb1HedS7Qsz7crTtVZAK0TNycVyNHy7a/BMCZpRIUmHCtlliXay7DUjHA6Kw1SRRNMJnhE+4YKHFHlZYvbZ+jcKEMUxtKU0Gih/p7IcKTUNApMZ4T1WK16c/E/r5/q8MrLmEhSTQVZPhSmHOkYzYNAQyYp0XxqCCaSmVsRGWOJiTZxlUwI7uqX10mnVnXr1fp9vdK8zuMowimcwQW40IAm3EEL2kDgCZ7hFd6smfVivVsfy9aClc+cwB9Ynz8UJZE2</latexit>

Y1 = 1

<latexit sha1_base64="LzpDSf7nRbnxdpQaF2zI5LNHf2M=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoB6EghePFeyHtKFstpN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1H7se+SGeP1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpaF1WvVq3d1yr16zyOIpzAKZyDB5dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBfBiOVQ==</latexit>

Y2 = 1

<latexit sha1_base64="crsSSmDfbdFL7FVdnESdlx+QJpQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQT0IBS8eK9hWaUPZbCft0s0m7G6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jVDFssVjE6iGgGgWX2DLcCHxIFNIoENgJxjczv/OESvNY3ptJgn5Eh5KHnFFjpc5jv0auidcvV9yqOwdZJV5OKpCj2S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzslZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ISXfsZlkhqUbLEoTAUxMZn9TgZcITNiYgllittbCRtRRZmxCZVsCN7yy6ukXat69Wr9rl5pXOVxFOEETuEcPLiABtxCE1rAYAzP8ApvTuK8OO/Ox6K14OQzx/AHzucPfaCOVg==</latexit>

Y3 = 0

<latexit sha1_base64="bNyYDXiTChGrLYDAfIfYyj66a5Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oB6EghePFeyHtKFstpt26WYTdidCCf0RXjwo4tXf481/47bNQasPBh7vzTAzL0ikMOi6X05hZXVtfaO4Wdra3tndK+8ftEycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45uZ337k2ohY3eMk4X5Eh0qEglG0Uvuhf06uidsvV9yqOwf5S7ycVCBHo1/+7A1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NwpObHKgISxtqWQzNWfExmNjJlEge2MKI7MsjcT//O6KYaXfiZUkiJXbLEoTCXBmMx+JwOhOUM5sYQyLeythI2opgxtQiUbgrf88l/SOqt6tWrtrlapX+VxFOEIjuEUPLiAOtxCA5rAYAxP8AKvTuI8O2/O+6K14OQzh/ALzsc3faSOVg==</latexit>

X1 = [60, 18, 30]

<latexit sha1_base64="7x8ZyiBVPHPy+JIEQln9bmaBfvY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBRSmJFq0LoeDGZQX7gDSEyXTSDp08mJmIJfRX3LhQxK0/4s6/cdpmoa0HLhzOuZd77/ETzqSyrG+jsLa+sblV3C7t7O7tH5iH5Y6MU0Fom8Q8Fj0fS8pZRNuKKU57iaA49Dnt+uPbmd99pEKyOHpQk4S6IR5GLGAEKy15Zrnn2egGOZdWFdmNKrqwXM+sWDVrDrRK7JxUIEfLM7/6g5ikIY0U4VhKx7YS5WZYKEY4nZb6qaQJJmM8pI6mEQ6pdLP57VN0qpUBCmKhK1Jorv6eyHAo5ST0dWeI1UguezPxP89JVdBwMxYlqaIRWSwKUo5UjGZBoAETlCg+0QQTwfStiIywwETpuEo6BHv55VXSOa/Z9Vr9vl5pXudxFOEYTuAMbLiCJtxBC9pA4Ame4RXejKnxYrwbH4vWgpHPHMEfGJ8/KayRRA==</latexit>

X3 = [07, 05, 08]

<latexit sha1_base64="J5kmL4qbanqeXWwlXnU247vIJak=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBhZREK60LoeDGZQX7gDSEyXTSDp08mJmIJfRX3LhQxK0/4s6/cdpmoa0HLhzOuZd77/ETzqSyrG+jsLa+sblV3C7t7O7tH5iH5Y6MU0Fom8Q8Fj0fS8pZRNuKKU57iaA49Dnt+uPbmd99pEKyOHpQk4S6IR5GLGAEKy15ZrnnXaIb5Fj1c2Rd6Wq4nlmxqtYcaJXYOalAjpZnfvUHMUlDGinCsZSObSXKzbBQjHA6LfVTSRNMxnhIHU0jHFLpZvPbp+hUKwMUxEJXpNBc/T2R4VDKSejrzhCrkVz2ZuJ/npOqoOFmLEpSRSOyWBSkHKkYzYJAAyYoUXyiCSaC6VsRGWGBidJxlXQI9vLLq6RzUbVr1dp9rdK8zuMowjGcwBnYUIcm3EEL2kDgCZ7hFd6MqfFivBsfi9aCkc8cwR8Ynz8vypFI</latexit>
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Setting up the Objective 

•  A Supervised Algorithm is an algorithm that aims at building a predictor (i.e, a function                     )  
which minimizes an error, based on the dataset.  

  

� : X �! Y

<latexit sha1_base64="XZdIF6nBtO3lLwOTv63XGstpx+4=">AAACF3icbVDLSsNAFJ34rPUVdelmsAiuSiIBxVXBjcsK9iFNKJPpJB06mQkzE6WE/IUbf8WNC0Xc6s6/cdoG1NYDFw7n3Mu994Qpo0o7zpe1tLyyurZe2ahubm3v7Np7+20lMolJCwsmZDdEijDKSUtTzUg3lQQlISOdcHQ58Tt3RCoq+I0epyRIUMxpRDHSRurbdb85pPAC+gnSQ4xY3i2gzwSPJY2HGkkp7n+826Jv15y6MwVcJG5JaqBEs29/+gOBs4RwjRlSquc6qQ5yJDXFjBRVP1MkRXiEYtIzlKOEqCCf/lXAY6MMYCSkKa7hVP09kaNEqXESms7JiWrem4j/eb1MR+dBTnmaacLxbFGUMagFnIQEB1QSrNnYEIQlNbdCPEQSYW2irJoQ3PmXF0n7tO56de/aqzW8Mo4KOARH4AS44Aw0wBVoghbA4AE8gRfwaj1az9ab9T5rXbLKmQPwB9bHN1ZToAk=</latexit>

X =

0

BBBBBBBBBBB@

60 18 30
10 10 10
07 05 08
45 17 20
80 20 30
03 04 12
...

...
...

18 09 20

1

CCCCCCCCCCCA

<latexit sha1_base64="Hp0m1BozZN4E/eFxCKKyvxYGAMM="></latexit>

Y =

0

BBBBBBBBBBB@

1
1
0
1
1
0
...
1

1

CCCCCCCCCCCA

<latexit sha1_base64="bMAzGxjF7Co2LGPRY5lO7E4G7Ro=">AAACNHicbVDLSgMxFM3UVx1fVZdugkVwVWakoC6EghvBTQX7kE4pmcxtG5rJDEmmWIZ+lBs/xI0ILhRx6zeYPqjaeiDh5Nx7yL3HjzlT2nFerMzS8srqWnbd3tjc2t7J7e5VVZRIChUa8UjWfaKAMwEVzTSHeiyBhD6Hmt+7HNVrfZCKReJWD2JohqQjWJtRoo3Uyl3f4Qvs+dBhIo1DoiW7H9ou9rzJ5czYz9PrB5FWY832QAQzXyuXdwrOGHiRuFOSR1OUW7knL4hoEoLQlBOlGq4T62ZKpGaUw9D2EgUxoT3SgYahgoSgmul46SE+MkqA25E0R2g8Vn87UhIqNQh902nm66r52kj8r9ZIdPusmTIRJxoEnXzUTjjWER4liAMmgWo+MIRQycysmHaJJFSbnG0Tgju/8iKpnhTcYqF4U8yXzqdxZNEBOkTHyEWnqISuUBlVEEUP6Bm9oXfr0Xq1PqzPSWvGmnr20R9YX99cyqZ+</latexit>

X = R3

<latexit sha1_base64="6/MdnPK+6dLEzreMobmUVnpPsPc=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRItqAuh4MZlFfuANpbJdNIOnTyYmQglBNz4K25cKOLWn3Dn3zhJs9DWAwNnzrmXe+9xI86ksqxvY2FxaXlltbRWXt/Y3No2d3ZbMowFoU0S8lB0XCwpZwFtKqY47USCYt/ltO2OrzK//UCFZGFwpyYRdXw8DJjHCFZa6pv7PR+rEcE86aToEuU/101u0/vTvlmxqlYONE/sglSgQKNvfvUGIYl9GijCsZRd24qUk2ChGOE0LfdiSSNMxnhIu5oG2KfSSfIbUnSklQHyQqFfoFCu/u5IsC/lxHd1ZbajnPUy8T+vGyvv3ElYEMWKBmQ6yIs5UiHKAkEDJihRfKIJJoLpXREZYYGJ0rGVdQj27MnzpHVStWvV2k2tUr8o4ijBARzCMdhwBnW4hgY0gcAjPMMrvBlPxovxbnxMSxeMomcP/sD4/AFkHZdV</latexit>

Y = {0, 1}

<latexit sha1_base64="YhOGDimkoKP9+jtlQLijJnazEHg=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuJCSSEFdCAU3LivYhzShTKaTdujkwcxEKCFu/BU3LhRx61+482+ctFlo64ELh3Pu5d57vJgzqSzr2ygtLa+srpXXKxubW9s75u5eW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa88XXudx6okCwK79Qkpm6AhyHzGcFKS33zwAmwGhHM0/sMXSEnRdYpspGT9c2qVbOmQIvELkgVCjT75pcziEgS0FARjqXs2Vas3BQLxQinWcVJJI0xGeMh7Wka4oBKN51+kKFjrQyQHwldoUJT9fdEigMpJ4GnO/N75byXi/95vUT5F27KwjhRNCSzRX7CkYpQHgcaMEGJ4hNNMBFM34rICAtMlA6tokOw519eJO2zml2v1W/r1cZlEUcZDuEITsCGc2jADTShBQQe4Rle4c14Ml6Md+Nj1loyipl9+APj8wfuAZU6</latexit>

�

<latexit sha1_base64="t3yQdvJypCTxv7a6m/Uyr4O3VKw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoCcpePFYwX5AG8pmu2mW7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMCxLOtHHdb6eysbm1vVPdre3tHxwe1Y9PejpOFaFdEvNYDQKsKWeSdg0znA4SRbEIOO0Hs7vc7z9RpVksH808ob7AU8lCRrDJpVEnYuN6w226BdA68UrSgBKdcf1rNIlJKqg0hGOth56bGD/DyjDC6aI2SjVNMJnhKR1aKrGg2s+KWxfowioTFMbKljSoUH9PZFhoPReB7RTYRHrVy8X/vGFqwhs/YzJJDZVkuShMOTIxyh9HE6YoMXxuCSaK2VsRibDCxNh4ajYEb/XlddK7anqtZuuh1WjflnFU4QzO4RI8uIY23EMHukAggmd4hTdHOC/Ou/OxbK045cwp/IHz+QPjy44i</latexit>

•  In the previous example, our objective was to predict a discrete value : pass or fail (1 or 0). This 
supervised task is called classification. 

•  We can also try to predict a continuous value: the final exam mark for instance. In that case, the 
task is called regression.  

Discrete     (typically:         )  

Continuous (typically :       )     R

<latexit sha1_base64="+eSp0tIJ3LD9giEDqeAiGDor8MU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3LisYh/YDiWTpm1oJjMkd4Qy9C/cuFDErX/jzr8x085CWw8EDufcS849QSyFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZaJEM95kkYx0J6CGS6F4EwVK3ok1p2EgeTuY3GR++4lrIyL1gNOY+yEdKTEUjKKVHnshxXEQpPezfrniVt05yCrxclKBHI1++as3iFgScoVMUmO6nhujn1KNgkk+K/USw2PKJnTEu5YqGnLjp/PEM3JmlQEZRto+hWSu/t5IaWjMNAzsZJbQLHuZ+J/XTXB45adCxQlyxRYfDRNJMCLZ+WQgNGcop5ZQpoXNStiYasrQllSyJXjLJ6+S1kXVq1Vrd7VK/TqvowgncArn4MEl1OEWGtAEBgqe4RXeHOO8OO/Ox2K04OQ7x/AHzucPvPCQ8A==</latexit>

{0, 1}

<latexit sha1_base64="EAYIQVFGKhny739C6zZgomdf3hc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REAvVY8OKxgv2QJpTNdtMu3d2E3Y1QQn+FFw+KePXnePPfuG1z0NYHA4/3ZpiZF6WcaeO6305pY3Nre6e8W9nbPzg8qh6fdHSSKULbJOGJ6kVYU84kbRtmOO2limIRcdqNJrdzv/tElWaJfDDTlIYCjySLGcHGSo9B7l4hDwWzQbXm1t0F0DrxClKDAq1B9SsYJiQTVBrCsdZ9z01NmGNlGOF0VgkyTVNMJnhE+5ZKLKgO88XBM3RhlSGKE2VLGrRQf0/kWGg9FZHtFNiM9ao3F//z+pmJb8KcyTQzVJLlojjjyCRo/j0aMkWJ4VNLMFHM3orIGCtMjM2oYkPwVl9eJ53ruufX/Xu/1vSLOMpwBudwCR40oAl30II2EBDwDK/w5ijnxXl3PpatJaeYOYU/cD5/ACVoj0o=</latexit>

Y

<latexit sha1_base64="jsyEXXQzWcLTg4bjnuX++eRQ+Tc=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQK6q7gxmUF+5A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmt7nfeeLaiFg94DThfkRHSoSCUbRSrx9RHDMqs8fZoFJ1a+4cZJV4BalCgeag8tUfxiyNuEImqTE9z03Qz6hGwSSflfup4QllEzriPUsVjbjxs3nkGTm3ypCEsbZPIZmrvzcyGhkzjQI7mUc0y14u/uf1Ugyv/UyoJEWu2OKjMJUEY5LfT4ZCc4ZyagllWtishI2ppgxtS2Vbgrd88ippX9a8eq1+X682boo6SnAKZ3ABHlxBA+6gCS1gEMMzvMKbg86L8+58LEbXnGLnBP7A+fwBlFeRbQ==</latexit>

Classification 

Regression 
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Setting up the Objective 

•  To define the error, we need first to define a loss function (i.e, a function                           which 
measures the "distance" between the the output of the predictor and the true labels                 ). 

•  For the loss function, we usually choose for all pairs (ouptut, true label),                         : 

                           and  

•  We then define the following error / risk associated to the predictor     , the aggregate loss over the train 
set, which follows an unknown distribution   : 

 
•  Our objective is to find the optimal predictor among all the possible functions defined by the modeler 

(e.g. Logit, linear regression, etc)                : 

 
•  Since        is unknown, we optimize (minimize) the empirical cumulative risk              : 

l : Y ⇥ Y �! R

<latexit sha1_base64="uj7H0ySDm4h4gCspNlR4IuhPQOo=">AAACJ3icbVDLSgMxFM34rPU16tJNsAiuyowUFBdScOOyin1IW0omTdvQTDIkd5Qy9G/c+CtuBBXRpX9ipp2FbT0QOJxzLzn3BJHgBjzv21laXlldW89t5De3tnd23b39mlGxpqxKlVC6ERDDBJesChwEa0SakTAQrB4Mr1K//sC04UrewShi7ZD0Je9xSsBKHfdS4AvcCgkMKBHJ/Ri3gIfMzEpCyb7m/QEQrdXj1AuC5HaMO27BK3oT4EXiZ6SAMlQ67lurq2gcMglUEGOavhdBOyEaOBVsnG/FhkWEDkmfNS2VxIZpJ5M7x/jYKl3cU9o+CXii/t1ISGjMKAzsZBrRzHup+J/XjKF33k64jGJgkk4/6sUCg8JpabjLNaMgRpYQqrnNiumAaELBVpu3JfjzJy+S2mnRLxVLN6VCuZTVkUOH6AidIB+doTK6RhVURRQ9oRf0jj6cZ+fV+XS+pqNLTrZzgGbg/PwC2dymiw==</latexit>

(Yi)1in

<latexit sha1_base64="06x/gv1NSxRCcJQ4G6Ven16MvsA=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR6qYkEtBlwY3LCvYhbQiT6U07dDKJMxOhhG78FTcuFHHrZ7jzb5y2WWjrgcs9nHMvM/eEKWdKO863tbK6tr6xWdoqb+/s7u3bB4ctlWSSQpMmPJGdkCjgTEBTM82hk0ogccihHY6up377EaRiibjT4xT8mAwEixgl2kiBfVy9D9h5kLu4x+EBs3kTk8CuODVnBrxM3IJUUIFGYH/1+gnNYhCacqJU13VS7edEakY5TMq9TEFK6IgMoGuoIDEoP58dMMFnRunjKJGmhMYz9fdGTmKlxnFoJmOih2rRm4r/ed1MR1d+zkSaaRB0/lCUcawTPE0D95kEqvnYEEIlM3/FdEgkodpkVjYhuIsnL5PWRc31at6tV6l7RRwldIJOURW56BLV0Q1qoCaiaIKe0St6s56sF+vd+piPrljFzhH6A+vzB5YjlRc=</latexit>

(y, y0) 2 Y ⇥ Y

<latexit sha1_base64="rbWeaQgt5pEW2iUUOLkwLKhGrcU=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WsIiWRgC4LblxWsA9pQplMJ+3QySTMTIQQ+g9u/BU3LhRx68adf+OkzaK2HrhwOOde7r3HjxmVyrJ+jNLK6tr6RnmzsrW9s7tn7h+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPb3K/80iEpBG/V2lMvBANOQ0oRkpLffO8ll7A9PQMupRDN0RqhBHLHibQVTQkcl7qm1Wrbk0Bl4ldkCoo0Oyb3+4gwklIuMIMSdmzrVh5GRKKYkYmFTeRJEZ4jIakpylHeqGXTX+awBOtDGAQCV1cwak6P5GhUMo09HVnfqJc9HLxP6+XqODayyiPE0U4ni0KEgZVBPOA4IAKghVLNUFYUH0rxCMkEFY6xooOwV58eZm0L+u2U3funGrDKeIogyNwDGrABlegAW5BE7QABk/gBbyBd+PZeDU+jM9Za8koZg7BHxhfv17cnT0=</latexit>

l
Regression

(y, y0) = ||y � y0||2
2

<latexit sha1_base64="mVjNxwVI0o9+Z0MjkzEDHRd1oPo=">AAACFnicbVDJSgNBFOxxjXGLevTSGMQIJsyEgHoQAl48RjEqJHHo6bzEJj0L3W/EYZKv8OKvePGgiFfx5t/YWQ5uBQ1FVT1ev/IiKTTa9qc1NT0zOzefWcguLi2vrObW1i90GCsOdR7KUF15TIMUAdRRoISrSAHzPQmXXu946F/egtIiDM4xiaDls24gOoIzNJKbK0o3bSLcYXoGXQV6GBwMCskeTXZ26RHt9xNaNLzfd8vXZTeXt0v2CPQvcSYkTyaoubmPZjvksQ8Bcsm0bjh2hK2UKRRcwiDbjDVEjPdYFxqGBswH3UpHZw3otlHatBMq8wKkI/X7RMp8rRPfM0mf4Y3+7Q3F/7xGjJ2DViqCKEYI+HhRJ5YUQzrsiLaFAo4yMYRxJcxfKb9hinE0TWZNCc7vk/+Si3LJqZQqp5V89XBSR4Zski1SIA7ZJ1VyQmqkTji5J4/kmbxYD9aT9Wq9jaNT1mRmg/yA9f4FbseeMg==</latexit>

l
Classification

(y, y0) = �y 6=y0 =

⇢
1 if y 6= y0

0 if y = y0

<latexit sha1_base64="Gj12cfLN66SNcGDdI1C0wmEqYKw="></latexit>

�

<latexit sha1_base64="gPWsX3DJaS0OIr4Qyt7FYbErUhE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fjw4rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4aXPQ1gcDj/dmmJkXpoJr47rfzsbm1vbObmWvun9weHRcOznt6CRTDH2WiET1QqpRcIm+4UZgL1VI41BgN5zeFX73CZXmiXw0sxSDmI4ljzijxkr+oD3h1WGt7jbcBcg68UpShxLtYe1rMEpYFqM0TFCt+56bmiCnynAmcF4dZBpTyqZ0jH1LJY1RB/ni2Dm5tMqIRImyJQ1ZqL8nchprPYtD2xlTM9GrXiH+5/UzE90GOZdpZlCy5aIoE8QkpPicjLhCZsTMEsoUt7cSNqGKMmPzKULwVl9eJ53rhtdsNB+a9VazjKMC53ABV+DBDbTgHtrgAwMOz/AKb450Xpx352PZuuGUM2fwB87nDxZnjiw=</latexit>

RP(�) = EP[l(Y,�(X)]

<latexit sha1_base64="xQ5ZnaKDGXNj7inGqRrLZNrV5L4="></latexit>

Finding �⇤
P = argmin

�2F(X ,Y)
EP[l(Y,�(X)] = argmin

�2F(X ,Y)
RP(�)

<latexit sha1_base64="pi7xt/pvoBKqRhXjXAjHteweSek="></latexit>

F(X ,Y)

<latexit sha1_base64="kFDxIQpWjP+T4vg2gOIOGigK2IU=">AAACDnicbVDLSsNAFL3xWesr6tLNYClUkJJIQJcFQVxWsA9pQ5lMp+3QyYOZiVBCvsCNv+LGhSJuXbvzb5y0oWjrgYEz59zLvfd4EWdSWda3sbK6tr6xWdgqbu/s7u2bB4dNGcaC0AYJeSjaHpaUs4A2FFOctiNBse9x2vLGV5nfeqBCsjC4U5OIuj4eBmzACFZa6pnlro/ViGCeXKeVOW+nZ2j+uU9Pe2bJqlpToGVi56QEOeo986vbD0ns00ARjqXs2Fak3AQLxQinabEbSxphMsZD2tE0wD6VbjI9J0VlrfTRIBT6BQpN1d8dCfalnPiersx2lIteJv7ndWI1uHQTFkSxogGZDRrEHKkQZdmgPhOUKD7RBBPB9K6IjLDAROkEizoEe/HkZdI8r9pO1bl1SjUnj6MAx3ACFbDhAmpwA3VoAIFHeIZXeDOejBfj3fiYla4Yec8R/IHx+QNGWJw0</latexit>

P

<latexit sha1_base64="BlIDqGMi0BaLTZAZUKhi8AgLL/M=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQK6q7gxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmt7nfeeLaiFg94DThfkRHSoSCUbTSYz+iOA6CrDkbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+Nk88I+dWGZIw1vYpJHP190ZGI2OmUWAn84Rm2cvF/7xeiuG1nwmVpMgVW3wUppJgTPLzyVBozlBOLaFMC5uVsDHVlKEtqWxL8JZPXiXty5pXr9Xv69XGTVFHCU7hDC7AgytowB00oQUMFDzDK7w5xnlx3p2PxeiaU+ycwB84nz+55pDu</latexit>

Rn(�)

<latexit sha1_base64="EEX62t16hax2s/K8vPgwrapdMWQ=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyWRgC4LblxWsQ9oQphMp+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmhAmjUtn2t1HZ2Nza3qnu1vb2Dw6PzOOTnoxTgUkXxywWgxBJwignXUUVI4NEEBSFjPTD2U3h9x+JkDTmDypLiB+hCadjipHSUmDWvQipKUYsv58HvOl1pvQiMBt2y17AWidOSRpQohOYX94oxmlEuMIMSTl07ET5ORKKYkbmNS+VJEF4hiZkqClHEZF+vgg/t861MrLGsdCPK2uh/t7IUSRlFoV6sogqV71C/M8bpmp87eeUJ6kiHC8PjVNmqdgqmrBGVBCsWKYJwoLqrBaeIoGw0n3VdAnO6pfXSe+y5bgt985ttN2yjiqcwhk0wYEraMMtdKALGDJ4hld4M56MF+Pd+FiOVoxypw5/YHz+AEkwlH0=</latexit>

Rn(�) =
1

n

nX

i=1

l(Yi,�(Xi))

<latexit sha1_base64="xjGjxMGeMPPz4oWyGNzN45FP8QQ="></latexit>

P

<latexit sha1_base64="VsoFwu9PRoeLlGMV6utKGypGvso=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiRS0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIga82H1Zpbdxcg68QrSA0KtIbVr8EoZmmE0jBBte57bmL8jCrDmcB5ZZBqTCib0jH2LZU0Qu1ni8RzcmGVEQljZZ80ZKH+3shopPUsCuxknlCvern4n9dPTXjjZ1wmqUHJlh+FqSAmJvn5ZMQVMiNmllCmuM1K2IQqyowtqWJL8FZPXiedq7rXqDfuG7Vmo6ijDGdwDpfgwTU04Q5a0AYGEp7hFd4c7bw4787HcrTkFDun8AfO5w+4ZZDp</latexit>
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Linear Regression 
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Introduction: 

•  Let us start with the simplest regression model : Linear Regression. 

•  Consider the following (fake) dataset representing the salary (in the x axis) of some (fake) employees 
according to the number of years of experience (in the y axis). 

•  From the plot, we can see that the salary and the experience variables exhibit a clear linear 
dependence. 
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Setting up the Objective: 

•  We would like to find a way to define the red line from the pairs (experience, salary) represented by the 
blue points. 

•   In that way, we could assign an estimated salary to each value of the experience variable. 
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Linear Regression: a Mathematical Perspective 

•  Mathematically speaking, it consists in modeling the conditional distribution of                  
    given                                , parametrized by the set of parameters                         , as follows: 
 
 
 
 
•  In other words, 

•  Now that the model is described, we will have to maximize the likelihood of the dataset in order to obtain 
the optimal parameters.  

Yi 2 R

<latexit sha1_base64="LNu/cf3RhoKEpvaCZDvjFYhAZa0=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUmkoO4KblxWsQ9pQphMJ+3QySTMTMQS8ituXCji1h9x5984bbPQ1gMDh3Pu5Z45QcKZ0rb9bZXW1jc2t8rblZ3dvf2D6mGtq+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gcj3ze49UKhaLez1NqBfhkWAhI1gbya/WHnyGXCaQG2E9DoLsLverdbthz4FWiVOQOhRo+9UvdxiTNKJCE46VGjh2or0MS80Ip3nFTRVNMJngER0YKnBElZfNs+fo1ChDFMbSPKHRXP29keFIqWkUmMlZQrXszcT/vEGqw0svYyJJNRVkcShMOdIxmhWBhkxSovnUEEwkM1kRGWOJiTZ1VUwJzvKXV0n3vOE0G83bZr11VdRRhmM4gTNw4AJacANt6ACBJ3iGV3izcuvFerc+FqMlq9g5gj+wPn8AaOaUBQ==</latexit>

Xi = xi 2 RD

<latexit sha1_base64="mF0LqNrS4VZzYgYgtxQWCcBlBko=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVECupBKOjBYxX7AU0Nm+22XbrZhN2NWELx4l/x4kERr/4Kb/4bN20P2vpg4PHeDDPzgpgzpR3n28otLC4tr+RXC2vrG5tb9vZOXUWJJLRGIh7JZoAV5UzQmmaa02YsKQ4DThvB4CLzG/dUKhaJWz2MaTvEPcG6jGBtJN/ea/oMnaMHn3lMIC/Euh8E6c3o7tK3i07JGQPNE3dKijBF1be/vE5EkpAKTThWquU6sW6nWGpGOB0VvETRGJMB7tGWoQKHVLXT8QsjdGiUDupG0pTQaKz+nkhxqNQwDExndqOa9TLxP6+V6O5pO2UiTjQVZLKom3CkI5TlgTpMUqL50BBMJDO3ItLHEhNtUiuYENzZl+dJ/bjklkvl63KxcjaNIw/7cABH4MIJVOAKqlADAo/wDK/wZj1ZL9a79TFpzVnTmV34A+vzBwOklok=</latexit>

✓ = (w, b)

<latexit sha1_base64="TIrgrPFuLWxmqKa2kMqOdxYWwBc=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhgoRdCagHIeDFYwTzgGQJs5NOMmT2wUyvEpd8iRcPinj1U7z5N06SPWhiQUNR1U13lx9LodFxvq2V1bX1jc3cVn57Z3evYO8fNHSUKA51HslItXymQYoQ6ihQQitWwAJfQtMf3Uz95gMoLaLwHscxeAEbhKIvOEMjde1CB4eAjF7T0uMZ9U+7dtEpOzPQZeJmpEgy1Lr2V6cX8SSAELlkWrddJ0YvZQoFlzDJdxINMeMjNoC2oSELQHvp7PAJPTFKj/YjZSpEOlN/T6Qs0Hoc+KYzYDjUi95U/M9rJ9i/9FIRxglCyOeL+omkGNFpCrQnFHCUY0MYV8LcSvmQKcbRZJU3IbiLLy+TxnnZrZQrd5Vi9SqLI0eOyDEpEZdckCq5JTVSJ5wk5Jm8kjfryXqx3q2PeeuKlc0ckj+wPn8AebGRpA==</latexit>

8i 2 {1, . . . , N} Yi|Xi = xi ⇠ N (wT
xi + b,�

2) with w 2 RD and b 2 R

<latexit sha1_base64="KcZ2dCS/3G6a2TzUspgcKhf7wh4="></latexit>

8i 2 {1, . . . , N} Yi = wTXi + b+ ✏ with ✏ ⇠ N (0,�2)

<latexit sha1_base64="jWXGegcTfQoFsNjl7uj1wB0GctY="></latexit>
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The training process : 

•  Let                                  be the dataset used for training. 

•  The model:  

•  The parameter       can be ignored thanks to a normalisation of the training set : 

•  The training process consists in maximizing the log-likelihood w.r.t the parameters 

•  Since the dataset is i.i.d, the likelihood of the training set can be expressed as follows: 

{(Xi, Yi)1iN}

<latexit sha1_base64="qS2AuCM5UFWu0kHcQl0+OQfSPkk=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgVpCRSUHcFN66kgn1IE8JketsOnTycmQglZO3GX3HjQhG3foE7/8Zpm4W2Hrjcwzn3MnOPH3MmlWV9GwuLS8srq4W14vrG5ta2ubPblFEiKDRoxCPR9okEzkJoKKY4tGMBJPA5tPzh5dhvPYCQLApv1SgGNyD9kPUYJUpLnnngpOW2x07wnceOvdTGDod7zKbtOsNO5pklq2JNgOeJnZMSylH3zC+nG9EkgFBRTqTs2Fas3JQIxSiHrOgkEmJCh6QPHU1DEoB008kpGT7SShf3IqErVHii/t5ISSDlKPD1ZEDUQM56Y/E/r5Oo3rmbsjBOFIR0+lAv4VhFeJwL7jIBVPGRJoQKpv+K6YAIQpVOr6hDsGdPnifN04pdrVRvqqXaRR5HAe2jQ1RGNjpDNXSF6qiBKHpEz+gVvRlPxovxbnxMRxeMfGcP/YHx+QMbpJic</latexit>

b

<latexit sha1_base64="fSh8dcwVfjalO5IjLoXN4CuhSsQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZjAoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX1atVas1ap3+ZxFOEMzuESPLiGOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHxHKM5A==</latexit>

8i 2 {1, . . . , N} Yi = ŵT X̂i + ✏ with X̂i =

✓
Xi

1

◆
, ŵ 2 RD+1 and ✏ ⇠ N (0,�2)

<latexit sha1_base64="sarLVI1zuyXM/LWRRAa+KG4gZs8="></latexit>

8i 2 {1, . . . , N} Yi = wTXi + b+ ✏ with ✏ ⇠ N (0,�2)

<latexit sha1_base64="jWXGegcTfQoFsNjl7uj1wB0GctY="></latexit>

ŵ 2 RD+1

<latexit sha1_base64="vblQgVpz9/4cc0H3R95uB+mFjWo=">AAACBXicbVDLSsNAFL2pr1pfUZe6GCyCIJRECuquoAuXVewDmlgm02k7dDIJMxOlhGzc+CtuXCji1n9w5984fSy09cCFwzn3cu89QcyZ0o7zbeUWFpeWV/KrhbX1jc0te3unrqJEElojEY9kM8CKciZoTTPNaTOWFIcBp41gcDHyG/dUKhaJWz2MqR/inmBdRrA2Utve9/pYpw8Z8phAXoh1PwjSm+wuvTx2s7ZddErOGGieuFNShCmqbfvL60QkCanQhGOlWq4Taz/FUjPCaVbwEkVjTAa4R1uGChxS5afjLzJ0aJQO6kbSlNBorP6eSHGo1DAMTOfoTjXrjcT/vFaiu2d+ykScaCrIZFE34UhHaBQJ6jBJieZDQzCRzNyKSB9LTLQJrmBCcGdfnif1k5JbLpWvy8XK+TSOPOzBARyBC6dQgSuoQg0IPMIzvMKb9WS9WO/Wx6Q1Z01nduEPrM8fFIKYRg==</latexit>

L(ŵ) =

NY

i=1

p(yi|xi; ŵ) =

NY

i=1
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1

�

p
2⇡

exp(�1

2

(yi � ŵ

T
xi)

2

�

2

◆

<latexit sha1_base64="gLFGyYBXGiI3BLDi+gig+3sXiyI="></latexit>
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The training process : 

•  In optimization matters, we usually prefer to minimize functions instead of maximizing them.  

 
•  Thus, we transform the likelihood maximization problem into the equivalent cost minimization 

problem, where the cost is the following negative log-likelihood: 

•  The training problem can then be written as the following equivalent minimization problem: 

min
ŵ2RD+1

1

N

NX

i=1

(yi � ŵ

T
xi)

2

| {z }
J(ŵ)

<latexit sha1_base64="TYMlcfkezFpOALLFve8+9py3kNk="></latexit>

� log(L(ŵ)) = �
NX

i=1

log(p(yi|xi)) =
N

2

log(2⇡�

2
) +

1

2�

2

NX

i=1

(yi � ŵ

T
xi)

2

<latexit sha1_base64="hlr44NuEytC9iv179Yr8KavssjY="></latexit>
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Matrix Notation and Optimization : 

•  It is computationally more efficient to write the optimization problem in matrix notation.  

•  To that end, let's introduce the following matrix notation for the training data                                 :  

•  Then, we deduce the following prediction matrix      : 

•  If we denote by              the           norm on              (i.e :                                                  ), we can then 
express the cost function        which we wish to minimize as follows : 

X̂ =

2

6664

� x1 � 1
� x2 � 1
...

...
...

...
� xN � 1

3

7775
2 RN⇥(D+1)

<latexit sha1_base64="EEYv9WGEW12H+FqcWqf2QLr7RqE="></latexit>

P

<latexit sha1_base64="/W5Lhyak336IMDLvA3UG8kYCsEA=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoboruHHZgn1AO0gmvdPGZjJDkhHK0C9w40IRt36SO//GtJ2Fth4IHM45l9x7gkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A0mt3O/+4RK81jem2mCfkRHkoecUWOlVvOhXHGr7gJknXg5qUAOm/8aDGOWRigNE1Trvucmxs+oMpwJnJUGqcaEsgkdYd9SSSPUfrZYdEYurDIkYazsk4Ys1N8TGY20nkaBTUbUjPWqNxf/8/qpCa/9jMskNSjZ8qMwFcTEZH41GXKFzIipJZQpbnclbEwVZcZ2U7IleKsnr5POVdWrVWutWqVxk9dRhDM4h0vwoA4NuIMmtIEBwjO8wpvz6Lw4787HMlpw8plT+APn8wepKozS</latexit>

P = X̂ŵ =

2

6664

ŵ

T
x1

ŵ

T
x2
...

ŵ

T
xN

3

7775
2 RN

<latexit sha1_base64="ly8lg9HTSyBkbBW44WiKwNGu2Vo="></latexit>

|| . ||2

<latexit sha1_base64="1sy7YnOMm3Ctn/Zj7GCGuTFGJE8=">AAAB/3icbZBNS8MwGMdTX+d8qwpevASH4Km0Y6DeBl48TnAvsJWSpukWlqQlSYVRd/CrePGgiFe/hje/jVlXRDcfSPjx/z8PefIPU0aVdt0va2V1bX1js7JV3d7Z3du3Dw47KskkJm2csET2QqQIo4K0NdWM9FJJEA8Z6Ybj65nfvSdS0UTc6UlKfI6GgsYUI22kwD4ecBrB4nJ+MKgHds113KLgMngl1EBZrcD+HEQJzjgRGjOkVN9zU+3nSGqKGZlWB5kiKcJjNCR9gwJxovy82H8Kz4wSwTiR5ggNC/X3RI64UhMemk6O9EgtejPxP6+f6fjSz6lIM00Enj8UZwzqBM7CgBGVBGs2MYCwpGZXiEdIIqxNZFUTgrf45WXo1B2v4TRuG7XmVRlHBZyAU3AOPHABmuAGtEAbYPAAnsALeLUerWfrzXqft65Y5cwR+FPWxzdRkpT8</latexit>

L2

<latexit sha1_base64="H3qVfRTGBaDC9QROLHaEO8npAEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZlSUHcFNy5cVLAPaMeSSTNtaJIZk0yhDP0ONy4UcevHuPNvzLSz0NYDgcM593JPThBzpo3rfjtr6xubW9uFneLu3v7BYenouKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML7J/PaEKs0i+WCmMfUFHkoWMoKNlfyewGZEME/vZo/VfqnsVtw50CrxclKGHI1+6as3iEgiqDSEY627nhsbP8XKMMLprNhLNI0xGeMh7VoqsaDaT+ehZ+jcKgMURso+adBc/b2RYqH1VAR2Mgupl71M/M/rJia88lMm48RQSRaHwoQjE6GsATRgihLDp5ZgopjNisgIK0yM7aloS/CWv7xKWtWKV6vU7mvl+nVeRwFO4QwuwINLqMMtNKAJBJ7gGV7hzZk4L86787EYXXPynRP4A+fzB64pkgQ=</latexit>

RN
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8z 2 RN || z ||22= zT z

<latexit sha1_base64="uKnekG/QBBmn3Gq2HJtagF3hBHw="></latexit>

J

<latexit sha1_base64="Jdxs5YGLWJJH6pbVYpbQG7KWAvY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXsRTC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+GbmPzyh0jyW92aSoB/RoeQhZ9RYqXnXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9WrVWrNWqV/ncRThBE7hHDy4hDrcQgNawADhGV7hzXl0Xpx352PRWnDymWP4A+fzB6ASjMw=</latexit>

J(ŵ) =
1

N
|| X̂ŵ � Y ||22

<latexit sha1_base64="qo3zmEDYMOKC923Jh4QoN/siqFQ="></latexit>

Y =

2

6664

y1
y2
...
yN

3

7775
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<latexit sha1_base64="InyeNWUXuWFciMkGJzlVO4SvTFY="></latexit>

{(Xi, Yi)1iN}

<latexit sha1_base64="qS2AuCM5UFWu0kHcQl0+OQfSPkk=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgVpCRSUHcFN66kgn1IE8JketsOnTycmQglZO3GX3HjQhG3foE7/8Zpm4W2Hrjcwzn3MnOPH3MmlWV9GwuLS8srq4W14vrG5ta2ubPblFEiKDRoxCPR9okEzkJoKKY4tGMBJPA5tPzh5dhvPYCQLApv1SgGNyD9kPUYJUpLnnngpOW2x07wnceOvdTGDod7zKbtOsNO5pklq2JNgOeJnZMSylH3zC+nG9EkgFBRTqTs2Fas3JQIxSiHrOgkEmJCh6QPHU1DEoB008kpGT7SShf3IqErVHii/t5ISSDlKPD1ZEDUQM56Y/E/r5Oo3rmbsjBOFIR0+lAv4VhFeJwL7jIBVPGRJoQKpv+K6YAIQpVOr6hDsGdPnifN04pdrVRvqqXaRR5HAe2jQ1RGNjpDNXSF6qiBKHpEz+gVvRlPxovxbnxMRxeMfGcP/YHx+QMbpJic</latexit>
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Using a Gradient Descent for Optimization 

•  We will use a Gradient Descent to find           as follows:   
•  Initilize randomly  
•  Fix a number of iterations       and a learning rate        and repeat       times: 

ŵ⇤

<latexit sha1_base64="N8snHcjQcWO25jVh3WwjXxtQaJ8=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMgHsKuBNRbwIvHCOaBSQyzk9lkyOzsMtOrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPd5cdSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90fXUbz5ybUSk7nAc825IB0oEglG00n1nSDF9mjyckV6x5JbdGcgy8TJSggy1XvGr049YEnKFTFJj2p4bYzelGgWTfFLoJIbHlI3ogLctVTTkppvOLp6QE6v0SRBpWwrJTP09kdLQmHHo286Q4tAselPxP6+dYHDZTYWKE+SKzRcFiSQYken7pC80ZyjHllCmhb2VsCHVlKENqWBD8BZfXiaN87JXKVduK6XqVRZHHo7gGE7Bgwuowg3UoA4MFDzDK7w5xnlx3p2PeWvOyWYO4Q+czx8l2pCM</latexit>

ŵ0

<latexit sha1_base64="TIpwEE7q4PKgGJ8umfhkarN7rRY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWsB/ShrLZbtqlm03YnSgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89iPXRsTqHicJ9yM6VCIUjKKVHnojitnTtO/2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/mx88JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwys+ESlLkii0WhakkGJPZ92QgNGcoJ5ZQpoW9lbAR1ZShzahkQ/CWX14lrYuqV6vW7mqV+nUeRxFO4BTOwYNLqMMtNKAJDCJ4hld4c7Tz4rw7H4vWgpPPHMMfOJ8/12SQaQ==</latexit>

K

<latexit sha1_base64="aqsWaVVVCmnKrNfmzqa8Fy8KxWA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXgQvLdhaaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jVDFssVjEqhNQjYJLbBluBHYShTQKBD4E45uZ//CESvNY3ptJgn5Eh5KHnFFjpeZdv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvkZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vkvZF1atVa81apX6dx1GEEziFc/DgEupwCw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH6GWjM0=</latexit>

⌘

<latexit sha1_base64="/4oQ/FnHOo0Ewoa8Emdv2BdgRMc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWsB/QhrLZbtqlu0nYnQgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QSKFQdf9dkobm1vbO+Xdyt7+weFR9fikY+JUM95msYx1L6CGSxHxNgqUvJdoTlUgeTeY3uV+94lrI+LoEWcJ9xUdRyIUjGIuDTjSYbXm1t0FyDrxClKDAq1h9WswilmqeIRMUmP6npugn1GNgkk+rwxSwxPKpnTM+5ZGVHHjZ4tb5+TCKiMSxtpWhGSh/p7IqDJmpgLbqShOzKqXi/95/RTDGz8TUZIij9hyUZhKgjHJHycjoTlDObOEMi3srYRNqKYMbTwVG4K3+vI66VzVvUa98dCoNW+LOMpwBudwCR5cQxPuoQVtYDCBZ3iFN0c5L86787FsLTnFzCn8gfP5AwhzjjY=</latexit>

K

<latexit sha1_base64="aqsWaVVVCmnKrNfmzqa8Fy8KxWA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXgQvLdhaaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jVDFssVjEqhNQjYJLbBluBHYShTQKBD4E45uZ//CESvNY3ptJgn5Eh5KHnFFjpeZdv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvkZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vkvZF1atVa81apX6dx1GEEziFc/DgEupwCw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH6GWjM0=</latexit>

Code for Gradient Descent using Numpy 

ŵk+1  ŵk � ⌘rŵJ(ŵk)

<latexit sha1_base64="K3TnfMwu2qXcZoe6T7Qsxc0to9M="></latexit>
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Logistic Regression 
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Introduction: 

•  The Logistic Regression is one of the easiest classification models to implement. It also performs 
very well on linearly separable classes. 

•  We call decision boundary the hypersurface separating the space of input data between two 
subsets, one for each class. The classifier will classify all the points belonging in one side of the 
decision boundary as belonging in one class and all those on the other side as belonging in the 
other class. 

•  In the case of a Logistic Regression, the decision boundary is a hyperplane.  

•  The following scatterplot of the public Iris dataset shows a linear decision boundary associated 
with Logistic Regression. 
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Presenting the logit function : 

•  Before introducing the Logistic Regression as a probabilistic model, we should first introduce the 
odds ratio. 

•  The odds ratio (in favor of a particular event) can be written as                    where       stands for the 
probability of the positive event. 

 A high odds ratio means a very probable outcome. 

•  We can further define the log-odds, also called logit function                      , as the logarithm of the 
odds ratio: 

•  The fact that we consider a log outcome means that poor outcomes matter more to us than positive 
outcomes. It is a strong preference choice. It also means that when the logit function outputs a high 
level, it means that it is even higher in reality.  

•  In the context of a Logistic Regression, we assume a linear relationship between feature values and 
the log-odds of the conditional probability that a particular sample belongs in the positive class given 
its features. 

 
•  Mathematically speaking:  

✓

1� ✓

<latexit sha1_base64="Uc/wZFpeLoCcJUGF0aSkdi+Yut0=">AAACAHicbZC7SgNBFIbPeo3xtmphYTMYBBvDrgTULmBjGcFcILuE2clsMmT2wsxZISxpfBUbC0VsfQw738ZJsoUm/jDw8Z9zOHP+IJVCo+N8Wyura+sbm6Wt8vbO7t6+fXDY0kmmGG+yRCaqE1DNpYh5EwVK3kkVp1EgeTsY3U7r7UeutEjiBxyn3I/oIBahYBSN1bOPvVBRlns45EgnuXtRUM+uOFVnJrIMbgEVKNTo2V9eP2FZxGNkkmrddZ0U/ZwqFEzySdnLNE8pG9EB7xqMacS1n88OmJAz4/RJmCjzYiQz9/dETiOtx1FgOiOKQ71Ym5r/1boZhtd+LuI0Qx6z+aIwkwQTMk2D9IXiDOXYAGVKmL8SNqQmETSZlU0I7uLJy9C6rLq1au2+VqnfFHGU4ARO4RxcuII63EEDmsBgAs/wCm/Wk/VivVsf89YVq5g5gj+yPn8AH6mWuQ==</latexit>
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logit(✓) = log(
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logit(P(Yi = 1 | Xi = xi)) = w

T
xi

<latexit sha1_base64="MFd5/5JaYxi4vwLyHunSty9lnv8="></latexit>
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The sigmoid function and the Logistic Regression Model 

•  By inverting the logit function, we obtain: 
 
     where      refers to the sigmoid function 
 
 
 
 
 
 
 
 
 
 
 
•  In other words, a Logistic Regression consists in modeling the conditional distribution of                  
     given                             , parametrized by       . As the probability of the outcome Y being equal to 1 is 
the sigmoid function, while that of Y being equal to 0, is (1-sigmoid function), we are in the case of a 
Bernoulli distribution applied to the sigmoid function. 
 
 

 where       stands for the Bernoulli distribution.  

P(Yi = 1 | Xi = xi) = �(wT
xi)

<latexit sha1_base64="sVvq+thwaJafNicJWK2bCDyXWEU=">AAACHnicbVBNS8MwGE79nPOr6tFLcAjzMlqZqAdh4MXjhH3JWkuaZVtY0pYkVUfZL/HiX/HiQRHBk/4b064H3Xwh5MnzvC9vnsePGJXKsr6NhcWl5ZXVwlpxfWNza9vc2W3JMBaYNHHIQtHxkSSMBqSpqGKkEwmCuM9I2x9dpnr7jghJw6ChxhFxORoEtE8xUpryzBOHIzX0/aQ+Kd94FF5AGzqc9mAnezx49EhfjqQDjsr3t42MKXpmyapYWcF5YOegBPKqe+an0wtxzEmgMENSdm0rUm6ChKKYkUnRiSWJEB6hAelqGCBOpJtk9ibwUDM92A+FPoGCGft7IkFcyjH3dWdqRs5qKfmf1o1V/8xNaBDFigR4uqgfM6hCmGYFe1QQrNhYA4QF1X+FeIgEwkonmoZgz1qeB63jil2tVK+rpdp5HkcB7IMDUAY2OAU1cAXqoAkweATP4BW8GU/Gi/FufExbF4x8Zg/8KePrB0m6n24=</latexit>

�

<latexit sha1_base64="+MSvLV39Fk62JTG66UdPfK0clOM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKIHoLePEYwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqLJ7dzvPFFtmJIPdprQUOCRZDEj2Dqp3TdsJPCgXPGr/gJonQQ5qUCO5qD81R8qkgoqLeHYmF7gJzbMsLaMcDor9VNDE0wmeER7jkosqAmzxbUzdOGUIYqVdiUtWqi/JzIsjJmKyHUKbMdm1ZuL/3m91MbXYcZkkloqyXJRnHJkFZq/joZMU2L51BFMNHO3IjLGGhPrAiq5EILVl9dJ+6oa1Kq1+1qlcZPHUYQzOIdLCKAODbiDJrSAwCM8wyu8ecp78d69j2VrwctnTuEPvM8fm/CPIQ==</latexit>

� : z 7! 1

1 + e�z

<latexit sha1_base64="sAvvNG71UAsHHnw3qAt5BFipGVc=">AAACD3icbVDLSgMxFM3UV62vUZdugkURxDIjBR+rghuXFewDOmPJpJk2NMkMSUZoh/kDN/6KGxeKuHXrzr8xrbPQ1gOBwzn3cnNOEDOqtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRmDRwxCLZDpAijArS0FQz0o4lQTxgpBUMryZ+655IRSNxq0cx8TnqCxpSjLSRuvahp2ifo0s4hh5HsdIR9EKJcOpmqQuPIblLT8ZZ1rXLTsWZAs4TNydlkKPetT+9XoQTToTGDCnVcZ1Y+ymSmmJGspKXKBIjPER90jFUIE6Un07zZPDAKD0YRtI8oeFU/b2RIq7UiAdmkiM9ULPeRPzP6yQ6PPdTKuJEE4F/DoUJgyb1pBzYo5JgzUaGICyp+SvEA2Tq0KbCkinBnY08T5qnFbdaqd5Uy7WLvI4i2AP74Ai44AzUwDWogwbA4AE8gRfwaj1az9ab9f4zWrDynV3wB9bHN4PXm60=</latexit>

Yi 2 {0, 1}

<latexit sha1_base64="HYgdnPo649rzFj2Ds7fw8ppalbk=">AAAB+3icbVBNS8NAEJ3Ur1q/aj16WSyCBymJFNRbwYvHCvZDmhA22027dLMJuxuxhPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzL0g4U9q2v63S2vrG5lZ5u7Kzu7d/UD2sdVWcSkI7JOax7AdYUc4E7WimOe0nkuIo4LQXTG5mfu+RSsVica+nCfUiPBIsZARrI/nV2oPPkMsEcjNknyMHublfrdsNew60SpyC1KFA269+ucOYpBEVmnCs1MCxE+1lWGpGOM0rbqpogskEj+jAUIEjqrxsfnuOTo0yRGEsTQmN5urviQxHSk2jwHRGWI/VsjcT//MGqQ6vvIyJJNVUkMWiMOVIx2gWBBoySYnmU0MwkczcisgYS0y0iatiQnCWX14l3YuG02w075r11nURRxmO4QTOwIFLaMEttKEDBJ7gGV7hzcqtF+vd+li0lqxi5gj+wPr8ASoKko4=</latexit>

Xi = xi 2 RD

<latexit sha1_base64="avwZ4B/3ASFfS9UBCFAi4kA/hX0=">AAACA3icbVDLSgMxFL1TX7W+qu50EyyCqzIjBXUhFHThsop9QGccMmnahmYyQ5IRy1Bw46+4caGIW3/CnX9j2s5CWw8kHM65l3vvCWLOlLbtbyu3sLi0vJJfLaytb2xuFbd3GipKJKF1EvFItgKsKGeC1jXTnLZiSXEYcNoMBhdjv3lPpWKRuNXDmHoh7gnWZQRrI/nFvZbP0Dl6ML/LBHJDrPtBkN6M7i79Ysku2xOgeeJkpAQZan7xy+1EJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJzeM0KFROqgbSfOERhP1d0eKQ6WGYWAqxzuqWW8s/ue1E9099VIm4kRTQaaDuglHOkLjQFCHSUo0HxqCiWRmV0T6WGKiTWwFE4Ize/I8aRyXnUq5cl0pVc+yOPKwDwdwBA6cQBWuoAZ1IPAIz/AKb9aT9WK9Wx/T0pyV9ezCH1ifP140lrM=</latexit>

w

<latexit sha1_base64="T/MXPwxK26ISsPpkJOCmO7CJmow=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFuhDWWznbRrN5uwu1FK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8ziMqzWN5ZyYJ+hEdSh5yRo2Vmk/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenAfnxXl3PhatBSefOYY/cD5/AORGjPk=</latexit>

B

<latexit sha1_base64="mKHHW4y+V4uaAUAumpZJe8Jvlqc=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQK6q7oxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmd7nfeeLaiFg94jThfkRHSoSCUbRSrx9RHDMqs9vZoFJ1a+4cZJV4BalCgeag8tUfxiyNuEImqTE9z03Qz6hGwSSflfup4QllEzriPUsVjbjxs3nkGTm3ypCEsbZPIZmrvzcyGhkzjQI7mUc0y14u/uf1Ugyv/UyoJEWu2OKjMJUEY5LfT4ZCc4ZyagllWtishI2ppgxtS2Vbgrd88ippX9a8eq3+UK82boo6SnAKZ3ABHlxBA+6hCS1gEMMzvMKbg86L8+58LEbXnGLnBP7A+fwBcWSRVg==</latexit>

8i 2 {1, . . . , N} Yi|Xi = xi ⇠ B(�(wT
xi))

<latexit sha1_base64="BpvA9did9RkHe9bGAio95lQhHSc="></latexit>
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The prediction phase after training: 

•  The training process consists in finding the parameter           that maximizes the likelihood of the dataset. 

•  After training the model, given a new data point                   , we can determine the probability of being in 
the positive class  

w⇤

<latexit sha1_base64="RtwLZJeErW+FXixR2yC5ZssjJq4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuBNRbwIvHiOYBSQyzk95kyOzsMjOrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/up76zUdUmkfy3oxj7IZ0IHnAGTVWunt6OOsVS27ZnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3VCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQkuuymXcWJQsvmiIBHERGT6N+lzhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TxnnZq5Qrt5VS9SqLIw9HcAyn4MEFVOEGalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8//YuNlQ==</latexit>

x

⇤ 2 RD

<latexit sha1_base64="XWfJ8mxs6BSAJbgq3x3sYoWhgIw=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRZBXJQZKai7gi5cVrEP6LQlk2ba0ExmSDJiHYq/4saFIm79D3f+jWk7C209EDiccy/35PgxZ0o7zre1sLi0vLKaW8uvb2xubds7uzUVJZLQKol4JBs+VpQzQauaaU4bsaQ49Dmt+4PLsV+/p1KxSNzpYUxbIe4JFjCCtZE69v5D+wR5TCAvxLrv++ntqH3VsQtO0ZkAzRM3IwXIUOnYX143IklIhSYcK9V0nVi3Uiw1I5yO8l6iaIzJAPdo01CBQ6pa6ST9CB0ZpYuCSJonNJqovzdSHCo1DH0zOc6oZr2x+J/XTHRw3kqZiBNNBZkeChKOdITGVaAuk5RoPjQEE8lMVkT6WGKiTWF5U4I7++V5UjstuqVi6aZUKF9kdeTgAA7hGFw4gzJcQwWqQOARnuEV3qwn68V6tz6mowtWtrMHf2B9/gCCf5Sa</latexit>

P (Y ⇤ = 1 | X⇤ = x

⇤) = �(w⇤T

x

⇤)

<latexit sha1_base64="b7cfNGdY91GHp/Qz1YbHAEj1cc4=">AAACGXicbVDLSgMxFM34rPU16tJNsAi1izIjBXUhFNy4rNCXdNqSSdM2NMkMSUYtQ3/Djb/ixoUiLnXl35hOZ6GtB0JOzrmXm3v8kFGlHefbWlpeWV1bz2xkN7e2d3btvf26CiKJSQ0HLJBNHynCqCA1TTUjzVASxH1GGv7oauo37ohUNBBVPQ5Jm6OBoH2KkTZS13Yq+dtOAV5CF3qc9mAzeTx0Cifmgp6iA47y95240KlOErlr55yikwAuEjclOZCi0rU/vV6AI06Exgwp1XKdULdjJDXFjEyyXqRIiPAIDUjLUIE4Ue042WwCj43Sg/1AmiM0TNTfHTHiSo25byo50kM1703F/7xWpPvn7ZiKMNJE4NmgfsSgDuA0JtijkmDNxoYgLKn5K8RDJBHWJsysCcGdX3mR1E+LbqlYuinlyhdpHBlwCI5AHrjgDJTBNaiAGsDgETyDV/BmPVkv1rv1MStdstKeA/AH1tcPJ9mcEA==</latexit>
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The Training Process: finding the optimal  

•  Let                                  be the dataset used for training. 

•  The model:  

 
•  The likelihood of the dataset can be expressed as follows: 

•  Hence, the normalized negative log likelihood (or cost function) is: 

•  The training problem can then be written as the following minimization problem: 

{(Xi, Yi)1iN}

<latexit sha1_base64="qS2AuCM5UFWu0kHcQl0+OQfSPkk=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgVpCRSUHcFN66kgn1IE8JketsOnTycmQglZO3GX3HjQhG3foE7/8Zpm4W2Hrjcwzn3MnOPH3MmlWV9GwuLS8srq4W14vrG5ta2ubPblFEiKDRoxCPR9okEzkJoKKY4tGMBJPA5tPzh5dhvPYCQLApv1SgGNyD9kPUYJUpLnnngpOW2x07wnceOvdTGDod7zKbtOsNO5pklq2JNgOeJnZMSylH3zC+nG9EkgFBRTqTs2Fas3JQIxSiHrOgkEmJCh6QPHU1DEoB008kpGT7SShf3IqErVHii/t5ISSDlKPD1ZEDUQM56Y/E/r5Oo3rmbsjBOFIR0+lAv4VhFeJwL7jIBVPGRJoQKpv+K6YAIQpVOr6hDsGdPnifN04pdrVRvqqXaRR5HAe2jQ1RGNjpDNXSF6qiBKHpEz+gVvRlPxovxbnxMRxeMfGcP/YHx+QMbpJic</latexit>

L(w) =
NY

i=1

p(Yi = yi | Xi = xi;w) =
NY

i=1

�(wT
xi)

yi(1� �(wT
xi)

1�yi)

<latexit sha1_base64="B+uD/IiRBXh1bmOwa+vQegHtozA="></latexit>

J(w) = � 1

N

log(L(w)) = � 1

N

NX

i=1

�
yi log(�(w

T
xi)) + (1� yi) log(1� �(w

T
xi))

�

<latexit sha1_base64="un1i+Bai4M1VXMGchPyTx/evZaI="></latexit>

min

w2RD
� 1

N

NX

i=1

�
yi log(�(w

T
xi)) + (1� yi) log(1� �(w

T
xi))

�

| {z }
J(w)

<latexit sha1_base64="PALhdQYaA+LhV/dG5SShC3Rb0w8="></latexit>

w

<latexit sha1_base64="T/MXPwxK26ISsPpkJOCmO7CJmow=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFuhDWWznbRrN5uwu1FK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8ziMqzWN5ZyYJ+hEdSh5yRo2Vmk/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenAfnxXl3PhatBSefOYY/cD5/AORGjPk=</latexit>

8i 2 {1, . . . , N} Yi|Xi = xi ⇠ B(�(wT
xi))

<latexit sha1_base64="BpvA9did9RkHe9bGAio95lQhHSc="></latexit>
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Using a Gradient Descent for Optimization 

•  We will use Gradient Descent to find           as follows:   
•  Initilize randomly  
•  Fix a number of iterations       and a learning rate        and repeat       times: 

w⇤

<latexit sha1_base64="RtwLZJeErW+FXixR2yC5ZssjJq4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuBNRbwIvHiOYBSQyzk95kyOzsMjOrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/up76zUdUmkfy3oxj7IZ0IHnAGTVWunt6OOsVS27ZnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3VCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQkuuymXcWJQsvmiIBHERGT6N+lzhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TxnnZq5Qrt5VS9SqLIw9HcAyn4MEFVOEGalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8//YuNlQ==</latexit>

w0

<latexit sha1_base64="RB3uwZ/KEOfP6Ow6Qc/oL97GtSo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWtB/QhrLZTtqlm03Y3Sgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkSleSwfzCRBP6JDyUPOqLHS/VPf7ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHq1au2uVqlf53EU4QRO4Rw8uIQ63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcIN42c</latexit>

K

<latexit sha1_base64="aqsWaVVVCmnKrNfmzqa8Fy8KxWA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXgQvLdhaaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jVDFssVjEqhNQjYJLbBluBHYShTQKBD4E45uZ//CESvNY3ptJgn5Eh5KHnFFjpeZdv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvkZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vkvZF1atVa81apX6dx1GEEziFc/DgEupwCw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH6GWjM0=</latexit>

⌘

<latexit sha1_base64="/4oQ/FnHOo0Ewoa8Emdv2BdgRMc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWsB/QhrLZbtqlu0nYnQgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QSKFQdf9dkobm1vbO+Xdyt7+weFR9fikY+JUM95msYx1L6CGSxHxNgqUvJdoTlUgeTeY3uV+94lrI+LoEWcJ9xUdRyIUjGIuDTjSYbXm1t0FyDrxClKDAq1h9WswilmqeIRMUmP6npugn1GNgkk+rwxSwxPKpnTM+5ZGVHHjZ4tb5+TCKiMSxtpWhGSh/p7IqDJmpgLbqShOzKqXi/95/RTDGz8TUZIij9hyUZhKgjHJHycjoTlDObOEMi3srYRNqKYMbTwVG4K3+vI66VzVvUa98dCoNW+LOMpwBudwCR5cQxPuoQVtYDCBZ3iFN0c5L86787FsLTnFzCn8gfP5AwhzjjY=</latexit>

K

<latexit sha1_base64="aqsWaVVVCmnKrNfmzqa8Fy8KxWA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXgQvLdhaaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jVDFssVjEqhNQjYJLbBluBHYShTQKBD4E45uZ//CESvNY3ptJgn5Eh5KHnFFjpeZdv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvkZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vkvZF1atVa81apX6dx1GEEziFc/DgEupwCw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH6GWjM0=</latexit>

Code for Gradient Descent using Numpy 

wk+1  wk � ⌘rwJ(wk)

<latexit sha1_base64="FpGT+UTJCYbVoWd2X5Cft256bD4="></latexit>
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Supervised Learning – Non Parametric Models 
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Decision Trees and Random Forest 
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Introduction: 

•  The Decision Tree (DT) algorithm is an attractive model if we care about interpretability. 

•  As the name decision tree suggests, we can think of this model as breaking down our data by making a 
decision based on asking a series of questions. 

Decision regions  Decision Tree Graph 

X1

<latexit sha1_base64="h+SzeeofUbLh87CNgV/TLYBv74Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7AG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddK+qnq1au2+Vmnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPaco1+</latexit>

X2

<latexit sha1_base64="N5yoqj+60+GWr848lSIQ8AB+WjQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQHtUG54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGF77mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66Rdq3r1av2+Xmnc5HEU4QzO4RI8uIIG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+APn8wfb9o1/</latexit>

0.5

<latexit sha1_base64="rKA4Hj9aLan19BjtlXSwbrZNSk8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikot4KXjxWtB/QhrLZTtqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2D8uFRUyeZYthgiUhUO6QaBZfYMNwIbKcKaRwKbIWj25nfekKleSIfzTjFIKYDySPOqLHSg+de9soVz/XmIKvEz0kFctR75a9uP2FZjNIwQbXu+F5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRNfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQ/OWXV0nzwvWrbvW+Wqnd5HEU4QRO4Rx8uIIa3EEdGsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdZHY0p</latexit>

0.7

<latexit sha1_base64="CiDpRy94Rqiukl4OFAXBoQiGfew=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlB7daH5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddK+qnq1au2+Vmnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QNcJY0r</latexit>

X1 > 0.5

<latexit sha1_base64="kAYflbHkbtG0jubk/+YJJM3vchQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB07IrLepFCl48VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz12+j66QZ5b65crnuvNgVaJn5MK5Gj0y1+9QUxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPaddSiQXVQTY/eIrOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10VWQMZmkhkqyWBSlHJkYzb5HA6YoMXxiCSaK2VsRGWGFibEZlWwI/vLLq6R14fpVt3pfrdSv8ziKcAKncA4+XEId7qABTSAg4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gBd547L</latexit>

X2 > 0.7

<latexit sha1_base64="Bwh3Dd1S5i5x2zNJWSYZR8degW8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB07JbCtWLFLx4rGA/pF1KNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YKG5tb2zvF3dLe/sHhUfn4pK3jVBHaIjGPVTfEmnImacsww2k3URSLkNNOOLmd+50nqjSL5YOZJjQQeCRZxAg2VnrsDqroBnlufVCueK63AFonfk4qkKM5KH/1hzFJBZWGcKx1z/cSE2RYGUY4nZX6qaYJJhM8oj1LJRZUB9ni4Bm6sMoQRbGyJQ1aqL8nMiy0norQdgpsxnrVm4v/eb3URFdBxmSSGirJclGUcmRiNP8eDZmixPCpJZgoZm9FZIwVJsZmVLIh+Ksvr5N21fVrbu2+Vmlc53EU4QzO4RJ8qEMD7qAJLSAg4Ble4c1Rzovz7nwsWwtOPnMKf+B8/gBieY7O</latexit>

Yes No 

Yes No 
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A high level description of the algorithm 

•  The DT algorithm is basically just a bunch of nested if-statements on the input features (also called 
attributes) in the training dataset.  

•  The decision algorithm: 

•  We start at the tree root (with the whole dataset) 

•  Then we split the dataset on the attribute that results in the largest Information Gain (IG). 

•  We iterate the splitting procedure at each child node until the leaves are pure (which means 
that the samples at the leaves belong to the same class) 

•  A very deep tree is prone to overfitting. To avoid that, we set a limit for the maximal depth of 
the tree. 
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Building Decision Trees 

•  First, we need to define an objective function that we want to optimize (Information Gain).  

•  Then, at each iteration, two challenges arise when trying to choose the best split. 

•  How do we choose the best attribute responsible for the split ?  

•  How do we choose the threshold when splitting based on the "best attribute" ? 

X1 > 0.5

<latexit sha1_base64="kAYflbHkbtG0jubk/+YJJM3vchQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB07IrLepFCl48VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz12+j66QZ5b65crnuvNgVaJn5MK5Gj0y1+9QUxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPaddSiQXVQTY/eIrOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10VWQMZmkhkqyWBSlHJkYzb5HA6YoMXxiCSaK2VsRGWGFibEZlWwI/vLLq6R14fpVt3pfrdSv8ziKcAKncA4+XEId7qABTSAg4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gBd547L</latexit>

X2 > 0.7

<latexit sha1_base64="Bwh3Dd1S5i5x2zNJWSYZR8degW8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB07JbCtWLFLx4rGA/pF1KNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YKG5tb2zvF3dLe/sHhUfn4pK3jVBHaIjGPVTfEmnImacsww2k3URSLkNNOOLmd+50nqjSL5YOZJjQQeCRZxAg2VnrsDqroBnlufVCueK63AFonfk4qkKM5KH/1hzFJBZWGcKx1z/cSE2RYGUY4nZX6qaYJJhM8oj1LJRZUB9ni4Bm6sMoQRbGyJQ1aqL8nMiy0norQdgpsxnrVm4v/eb3URFdBxmSSGirJclGUcmRiNP8eDZmixPCpJZgoZm9FZIwVJsZmVLIh+Ksvr5N21fVrbu2+Vmlc53EU4QzO4RJ8qEMD7qAJLSAg4Ble4c1Rzovz7nwsWwtOPnMKf+B8/gBieY7O</latexit>

Yes No 

Yes No 

Thresholds 
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Information Theory : Entropy – Part 1 – 

•  Let        be a random variable taking values in the finite set 

•  Let’s denote  
 

•  In information theory, the quantity                                       can be interpreted as a quantity of  

    information carried by the occurence of y (sometimes called self-information). 
 
 
 
•   So, the entropy is defined as the expected amount of information of the random variable                     

Y

<latexit sha1_base64="oAruTocTZcOmXcWcSSUmPaIg2tc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFulDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8zhMqzWN5ZyYJ+hEdSh5yRo2Vmg/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALbOjNs=</latexit>

Y

<latexit sha1_base64="jsyEXXQzWcLTg4bjnuX++eRQ+Tc=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQK6q7gxmUF+5A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmt7nfeeLaiFg94DThfkRHSoSCUbRSrx9RHDMqs8fZoFJ1a+4cZJV4BalCgeag8tUfxiyNuEImqTE9z03Qz6hGwSSflfup4QllEzriPUsVjbjxs3nkGTm3ypCEsbZPIZmrvzcyGhkzjQI7mUc0y14u/uf1Ugyv/UyoJEWu2OKjMJUEY5LfT4ZCc4ZyagllWtishI2ppgxtS2Vbgrd88ippX9a8eq1+X682boo6SnAKZ3ABHlxBA+6gCS1gEMMzvMKbg86L8+58LEbXnGLnBP7A+fwBlFeRbQ==</latexit>

p(y) = P(Y = y)

<latexit sha1_base64="zx44lf965QGLdbCdi41xC/esG5s=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EitJuSSEFdCAU3LivYh7ShTKaTdujkwcxECKFu/BU3LhRx61+482+ctFlo64GBM+fcy733uBFnUlnWt1FYWV1b3yhulra2d3b3zP2DtgxjQWiLhDwUXRdLyllAW4opTruRoNh3Oe24k+vM7zxQIVkY3Kkkoo6PRwHzGMFKSwPzKKokVXSF+j5WY9dNm9PKvf4m1YFZtmrWDGiZ2DkpQ47mwPzqD0MS+zRQhGMpe7YVKSfFQjHC6bTUjyWNMJngEe1pGmCfSiedXTBFp1oZIi8U+gUKzdTfHSn2pUx8V1dmi8pFLxP/83qx8i6clAVRrGhA5oO8mCMVoiwONGSCEsUTTTARTO+KyBgLTJQOraRDsBdPXibts5pdr9Vv6+XGZR5HEY7hBCpgwzk04Aaa0AICj/AMr/BmPBkvxrvxMS8tGHnPIfyB8fkDjbaVAg==</latexit>

I(y) = log2(
1

p(y)
)

<latexit sha1_base64="+zdyOU42E+hJ423AnI6gQRqlZ8g=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCxCeylJKagHoeBFbxVsKzQhbLabdukmG3Y3Qgg5efGvePGgiFd/gzf/jds2B219MPB4b4aZeX7MqFSW9W2UVlbX1jfKm5Wt7Z3dPXP/oCd5IjDpYs64uPeRJIxGpKuoYuQ+FgSFPiN9f3I19fsPREjKozuVxsQN0SiiAcVIackzj29qaR1eQofxkdesOYFAOLPzLNZyXvfMqtWwZoDLxC5IFRToeOaXM+Q4CUmkMENSDmwrVm6GhKKYkbziJJLECE/QiAw0jVBIpJvN3sjhqVaGMOBCV6TgTP09kaFQyjT0dWeI1FguelPxP2+QqODczWgUJ4pEeL4oSBhUHE4zgUMqCFYs1QRhQfWtEI+RTkLp5Co6BHvx5WXSazbsVqN126q2L4o4yuAInIAasMEZaINr0AFdgMEjeAav4M14Ml6Md+Nj3loyiplD8AfG5w9sH5cu</latexit>

Y

<latexit sha1_base64="oAruTocTZcOmXcWcSSUmPaIg2tc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFulDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8zhMqzWN5ZyYJ+hEdSh5yRo2Vmg/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALbOjNs=</latexit>

H(Y ) = Ep(y)[I(Y )] = �
X

y2Y
p(y) log2(p(y))

<latexit sha1_base64="bukK52ANyYWwXw8A6okKD3bDGAY="></latexit>
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Information Theory : Entropy – Part 2 – 

•  Let's take an example of a Bernoulli distribution  

•  The entropy of         as a function of       is: 

 
 
•                    yields maximum entropy.   
 
•  So, the entropy is a measure of how much information we get 

from finding out the value of the random variable. 

•  We have the following inequalities: 

Y ⇠ B(p)

<latexit sha1_base64="vE2ptgoFF/p+QDFiucpp3wU9dPs=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdVMSKai7ohuXFexDmlAm02k7dDIJMxOhhIK/4saFIm79Dnf+jZM2C209MHA4517umRPEnCntON9WYWV1bX2juFna2t7Z3bP3D1oqSiShTRLxSHYCrChngjY105x2YklxGHDaDsY3md9+pFKxSNzrSUz9EA8FGzCCtZF69tED8hQLkRdiPSKYp9fTSnzWs8tO1ZkBLRM3J2XI0ejZX14/IklIhSYcK9V1nVj7KZaaEU6nJS9RNMZkjIe0a6jAIVV+Oos/RadG6aNBJM0TGs3U3xspDpWahIGZzFKqRS8T//O6iR5c+ikTcaKpIPNDg4QjHaGsC9RnkhLNJ4ZgIpnJisgIS0y0aaxkSnAXv7xMWudVt1at3dXK9au8jiIcwwlUwIULqMMtNKAJBFJ4hld4s56sF+vd+piPFqx85xD+wPr8ARr0lOo=</latexit>

Y

<latexit sha1_base64="oAruTocTZcOmXcWcSSUmPaIg2tc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFulDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8zhMqzWN5ZyYJ+hEdSh5yRo2Vmg/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALbOjNs=</latexit>

p

<latexit sha1_base64="dlp2zofRgbDI3vyNKZ3bPDRXc+g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZjIoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX1atVas1ap3+ZxFOEMzuESPLiGOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MH2aqM8g==</latexit>

H(p) = �p log2(p) + (1� p) log2(1� p)

<latexit sha1_base64="SxEXhbzaVtio7cQ+wrOaz60RUn4=">AAACE3icbVBNS8MwGE7n15xfVY9egkOYykY7BupBGHjZcYL7gK2UNEu3sLQNSSqMsv/gxb/ixYMiXr1489+Ydj3o9IGQJ8/zvrx5H48zKpVlfRmFldW19Y3iZmlre2d3z9w/6MooFph0cMQi0feQJIyGpKOoYqTPBUGBx0jPm96kfu+eCEmj8E7NOHECNA6pTzFSWnLNs1aFn8JrWOVwyKKxW0+f57BiV/WdKxmH0DXLVs3KAP8SOydlkKPtmp/DUYTjgIQKMyTlwLa4chIkFMWMzEvDWBKO8BSNyUDTEAVEOkm20xyeaGUE/UjoEyqYqT87EhRIOQs8XRkgNZHLXir+5w1i5V86CQ15rEiIF4P8mEEVwTQgOKKCYMVmmiAsqP4rxBMkEFY6xpIOwV5e+S/p1mt2o9a4bZSbV3kcRXAEjkEF2OACNEELtEEHYPAAnsALeDUejWfjzXhflBaMvOcQ/ILx8Q10EZjY</latexit>

p = 0.5

<latexit sha1_base64="JzKZdDoLpC41BPWYMYFHk/PNuC4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoh6EghePFUxbaEPZbDft0s1m2d0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeZHkTBvP+3ZKa+sbm1vl7crO7t7+QfXwqKXTTBEakJSnqhNhTTkTNDDMcNqRiuIk4rQdje9mfvuJKs1S8WgmkoYJHgoWM4KNlQJ567mX/WrNc7050CrxC1KDAs1+9as3SEmWUGEIx1p3fU+aMMfKMMLptNLLNJWYjPGQdi0VOKE6zOfHTtGZVQYoTpUtYdBc/T2R40TrSRLZzgSbkV72ZuJ/Xjcz8XWYMyEzQwVZLIozjkyKZp+jAVOUGD6xBBPF7K2IjLDCxNh8KjYEf/nlVdK6cP26W3+o1xo3RRxlOIFTOAcfrqAB99CEAAgweIZXeHOE8+K8Ox+L1pJTzBzDHzifP6upjeo=</latexit>

H(Y ) � 0 with equality if Y is constant a.s

<latexit sha1_base64="5f3w5wePLEw5dmFWlVgATEQsOVE="></latexit>

H(Y )  log2(Card(Y))

<latexit sha1_base64="zfO8+gAHW38q7zJRbd/OIPVieYM=">AAACE3icbVA9TwJBEN3zW/xCLW02EhOwIHeERO1IaCw1EYFwhOwtA2zY+3B3zkgu/Acb/4qNhcbY2tj5b9wDCgVfspuX92YyM8+LpNBo29/W0vLK6tr6xmZma3tndy+7f3Crw1hxqPFQhqrhMQ1SBFBDgRIakQLmexLq3rCa+vV7UFqEwQ2OImj7rB+InuAMjdTJnl7mmwXqSrgzX9jvlPIuwgMmVaa647zrMxxwJpPmuFDoZHN20Z6ALhJnRnJkhqtO9svthjz2IUAumdYtx46wnTCFgksYZ9xYQ8T4kPWhZWjAfNDtZHLTmJ4YpUt7oTIvQDpRf3ckzNd65HumMl1Sz3up+J/XirF33k5EEMUIAZ8O6sWSYkjTgGhXKOAoR4YwroTZlfIBU4yjiTFjQnDmT14kt6WiUy6Wr8u5ysUsjg1yRI5JnjjkjFTIJbkiNcLJI3kmr+TNerJerHfrY1q6ZM16DskfWJ8/D3CdCA==</latexit>

iPad
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Information Gain – Definition – 

•  We define the information gain at a split on the attribute       as follows: 

•        refers to the dataset of the parent.  

•            and                are the datasets of the left and right child nodes. (For simplicity, most libraries 
only implement binary decision trees). 

•          is the impurity measure. 

•             is the total number of samples at the parent node. 

•            and               are the total number of samples at the right and left child nodes.  

c

<latexit sha1_base64="5jpsxHC0RMrS68qDt0iphj7R1L0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlJhuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tWqtWavUb/M4inAG53AJHlxDHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDxfaM5Q==</latexit>

IG(Dp, c) = I(Dp)�
Nleft

Np
I(Dleft)�

Nright

Np
I(Dright)

<latexit sha1_base64="mdku7TPrgN+OWz+gKy+YOt0W8Ys="></latexit>

Dp

<latexit sha1_base64="n8sAHd/o19jRDYjaZdkXpS50qw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KevBY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWerjtJ/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrourVqrX7WqV+ncdRhBM4hXPw4BLqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx8bhY2p</latexit>

Dleft

<latexit sha1_base64="webZWms4l2yRQQo4OEcbSxplj0E=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyWRgnor6MFjBfsBbQib7aRduvlgdyLWkF/ixYMiXv0p3vw3btsctPXBwOO9GWbm+YngCm372yitrW9sbpW3Kzu7e/tV8+Cwo+JUMmizWMSy51MFgkfQRo4CeokEGvoCuv7keuZ3H0AqHkf3OE3ADeko4gFnFLXkmdUbLxsgPGImIMA898yaXbfnsFaJU5AaKdDyzK/BMGZpCBEyQZXqO3aCbkYlciYgrwxSBQllEzqCvqYRDUG52fzw3DrVytAKYqkrQmuu/p7IaKjUNPR1Z0hxrJa9mfif108xuHQzHiUpQsQWi4JUWBhbsxSsIZfAUEw1oUxyfavFxlRShjqrig7BWX55lXTO606j3rhr1JpXRRxlckxOyBlxyAVpklvSIm3CSEqeySt5M56MF+Pd+Fi0loxi5oj8gfH5A3/qk54=</latexit>

Dright

<latexit sha1_base64="orJCceGF2Ye/FDGSKeZ77gnm7fs=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBE8lUQK6q2gB48V7Ae0IWy2m3bpZhN2J8US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MBVco+t+W2vrG5tb26Wd8u7e/sGhfXTc0kmmKGvSRCSqExLNBJesiRwF66SKkTgUrB2Obmd+e8yU5ol8xEnK/JgMJI84JWikwLbvgryH7AlzxQdDnE4Du+JW3TmcVeIVpAIFGoH91esnNIuZRCqI1l3PTdHPiUJOBZuWe5lmKaEjMmBdQyWJmfbz+eVT59wofSdKlCmJzlz9PZGTWOtJHJrOmOBQL3sz8T+vm2F07edcphkySReLokw4mDizGJw+V4yimBhCqOLmVocOiSIUTVhlE4K3/PIqaV1WvVq19lCr1G+KOEpwCmdwAR5cQR3uoQFNoDCGZ3iFNyu3Xqx362PRumYVMyfwB9bnD1nJlBs=</latexit>

I

<latexit sha1_base64="innW2QDQnbguaub2CGhdvG4nxtI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXvTWgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9UvVq11qxV6td5HEU4gVM4Bw8uoQ630IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AZ6OjMs=</latexit>

Np

<latexit sha1_base64="fYbJZazTS0LYNbVkW5eGtdLy7n8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxJRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGun/TLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6pXq9bua5X6dR5HEU7gFM7Bg0uowy00oAkMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKsGNsw==</latexit>

Nleft

<latexit sha1_base64="xQEAgwG/c2IhZEkZrmHuc6OGGuQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyWRgnorePEkFewHtCFstpN26eaD3YlYQ36JFw+KePWnePPfuG1z0NYHA4/3ZpiZ5yeCK7Ttb6O0tr6xuVXeruzs7u1XzYPDjopTyaDNYhHLnk8VCB5BGzkK6CUSaOgL6PqT65nffQCpeBzd4zQBN6SjiAecUdSSZ1ZvvWyA8IiZgADz3DNrdt2ew1olTkFqpEDLM78Gw5ilIUTIBFWq79gJuhmVyJmAvDJIFSSUTegI+ppGNATlZvPDc+tUK0MriKWuCK25+nsio6FS09DXnSHFsVr2ZuJ/Xj/F4NLNeJSkCBFbLApSYWFszVKwhlwCQzHVhDLJ9a0WG1NJGeqsKjoEZ/nlVdI5rzuNeuOuUWteFXGUyTE5IWfEIRekSW5Ii7QJIyl5Jq/kzXgyXox342PRWjKKmSPyB8bnD4+ek6g=</latexit>

Nright

<latexit sha1_base64="O5dmi2Mac8+/tKwdxswXtXRi/K8=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBE8lUQK6q3gxZNUsB/QhrDZbtqlm03YnRRL6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwlRwja77ba2tb2xubZd2yrt7+weH9tFxSyeZoqxJE5GoTkg0E1yyJnIUrJMqRuJQsHY4up357TFTmifyEScp82MykDzilKCRAtu+D/IesifMFR8McToN7IpbdedwVolXkAoUaAT2V6+f0CxmEqkgWnc9N0U/Jwo5FWxa7mWapYSOyIB1DZUkZtrP55dPnXOj9J0oUaYkOnP190ROYq0ncWg6Y4JDvezNxP+8bobRtZ9zmWbIJF0sijLhYOLMYnD6XDGKYmIIoYqbWx06JIpQNGGVTQje8surpHVZ9WrV2kOtUr8p4ijBKZzBBXhwBXW4gwY0gcIYnuEV3qzcerHerY9F65pVzJzAH1ifP2mHlCU=</latexit>
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Different impurity measures 

•   The three impurity measures or splitting criteria that are commonly used in binary decision trees are Gini  
    Impurity (       ), Entropy (      ), and the Classification Error (      ). 

•  Let's denote          the proportion of the samples that belong to the class                                  for a  
    particular node       . We define the above stated impurities as follows: 

IG

<latexit sha1_base64="ti+CoTGZr8YDJcNHR7ARz190lLk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU1FvBg3qraD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W09cGxGrRxwn3I/oQIlQMIpWerjr3fRKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+bnTohp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2hD8BZfXibN84pXrVTvq+XaVR5HAY7hBM7AgwuowS3UoQEMBvAMr/DmSOfFeXc+5q0rTj5zBH/gfP4A5PCNhQ==</latexit>

IH

<latexit sha1_base64="r7tlxzcCLM3TR0+hf0JuQ+YLmHg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU1FvBS71VtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh7t+vV8quxV3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dUrOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdoQvOWXV0nrsuJVK9X7arl2k8dRgFM4gwvw4ApqUIcGNIHBEJ7hFd4c4bw4787HonXNyWdO4A+czx/mdI2G</latexit>

IE

<latexit sha1_base64="17FCu5cpBsbPLr2Tf5zYvJ1dzPs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU1FtBBL1VtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup76rSeujYjVI44T7kd0oEQoGEUrPdz1bnqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/NTp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjpZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7QheIsvL5PmecWrVqr31XLtKo+jAMdwAmfgwQXU4Bbq0AAGA3iGV3hzpPPivDsf89YVJ585gj9wPn8A4eiNgw==</latexit>

pmk

<latexit sha1_base64="DO/oXuQgm0oAGpnnJWkQserHG7k=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBE8lV0pqLeCF48V3LbQriWbZtvQJLskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelApurOd9o7X1jc2t7dJOeXdv/+CwcnTcMkmmKQtoIhLdiYhhgisWWG4F66SaERkJ1o7GtzO//cS04Yl6sJOUhZIMFY85JdZJQfoo++N+perVvDnwKvELUoUCzX7lqzdIaCaZslQQY7q+l9owJ9pyKti03MsMSwkdkyHrOqqIZCbM58dO8blTBjhOtCtl8Vz9PZETacxERq5TEjsyy95M/M/rZja+DnOu0swyRReL4kxgm+DZ53jANaNWTBwhVHN3K6Yjogm1Lp+yC8FffnmVtC5rfr1Wv69XGzdFHCU4hTO4AB+uoAF30IQAKHB4hld4Qwq9oHf0sWhdQ8XMCfwB+vwB11qOrw==</latexit>

m 2 {1, . . . ,M}

<latexit sha1_base64="16sm02Yt1cgV9w+WBvOuJ3bhNzM=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCglkYK6K7hxI1SwD2hCmUwn7dDJJMxMhBKy8VfcuFDErZ/hzr9x2mahrQcGDufcw517goQzpR3n21pZXVvf2Cxtlbd3dvf27YPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8c3U7zxSqVgsHvQkoX6Eh4KFjGBtpL59HCGPCeRlyK0ibxBrVUV3yMv7dsWpOTOgZeIWpAIFmn37y6RJGlGhCcdK9Vwn0X6GpWaE07zspYommIzxkPYMFTiiys9mB+TozCgDFMbSPKHRTP2dyHCk1CQKzGSE9UgtelPxP6+X6vDKz5hIUk0FmS8KU450jKZtoAGTlGg+MQQTycxfERlhiYk2nZVNCe7iycukfVFz67X6fb3SuC7qKMEJnMI5uHAJDbiFJrSAQA7P8Apv1pP1Yr1bH/PRFavIHMEfWJ8/uYeUiw==</latexit>

k

<latexit sha1_base64="qx/K719MX+givuMWlI6r3jLcYyA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5mRQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rq1aq1Zq1Sv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucP0haM7Q==</latexit>

IG(k) = �
MX

m=1

pmk (1� pmk )

<latexit sha1_base64="vmoFQ/bBN44B43uO6SfZb/Eu7FM=">AAACGXicbZDLSsNAFIYnXmu9RV26GSxCu7AkUlAXhYILdSFUsBdo2jCZTtshM0mYmQgl9DXc+CpuXCjiUle+jdM0C209MPDx/+dw5vxexKhUlvVtLC2vrK6t5zbym1vbO7vm3n5ThrHApIFDFoq2hyRhNCANRRUj7UgQxD1GWp5/OfVbD0RIGgb3ahyRLkfDgA4oRkpLrmnduFdFvwSr8AQ6MuYOo5wq6Sa8ak96tzDqcdeHRVvbKZZcs2CVrbTgItgZFEBWddf8dPohjjkJFGZIyo5tRaqbIKEoZmSSd2JJIoR9NCQdjQHiRHaT9LIJPNZKHw5CoV+gYKr+nkgQl3LMPd3JkRrJeW8q/ud1YjU47yY0iGJFAjxbNIgZVCGcxgT7VBCs2FgDwoLqv0I8QgJhpcPM6xDs+ZMXoXlativlyl2lULvI4siBQ3AEisAGZ6AGrkEdNAAGj+AZvII348l4Md6Nj1nrkpHNHIA/ZXz9ANnTnbM=</latexit>

IH(k) = �
MX

m=1

pmk log2(p
m
k )

<latexit sha1_base64="KKXJleldGSZUOpaaJdlicZtrO0E="></latexit>

IE(k) = 1� max

1mM
pmk

<latexit sha1_base64="uQ1ACXpgqq1s3IIcGhq7S5HYux4=">AAACEnicbVDLSsNAFJ34rPUVdelmsAjtwpJIQV0IBRF0IVSwD2himEwn7ZCZJM5MxBL6DW78FTcuFHHryp1/4/Sx0NYDl3s4515m7vETRqWyrG9jbn5hcWk5t5JfXVvf2DS3thsyTgUmdRyzWLR8JAmjEakrqhhpJYIg7jPS9MOzod+8J0LSOLpR/YS4HHUjGlCMlJY8s3TpnRfDEjyFNjyADkcPXmZDh5E7yMftagCTW+6FnlmwytYIcJbYE1IAE9Q888vpxDjlJFKYISnbtpUoN0NCUczIIO+kkiQIh6hL2ppGiBPpZqOTBnBfKx0YxEJXpOBI/b2RIS5ln/t6kiPVk9PeUPzPa6cqOHYzGiWpIhEePxSkDKoYDvOBHSoIVqyvCcKC6r9C3EMCYaVTzOsQ7OmTZ0njsGxXypXrSqF6MokjB3bBHigCGxyBKrgANVAHGDyCZ/AK3own48V4Nz7Go3PGZGcH/IHx+QNa+5rM</latexit>
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A simple example – Description – 

•  Let's consider the following example: 

•  We want to predict whether a person is sick or not (                if it’s the case and                if not) 
    based on the followins 4 features: 

•                        is whether the person was in contact with someone or not during the last month. 
                                                (                 if it’s the case and                   if not).  

•                           is the number of times the person has touched their face per day.  

•                         is the number of times the person has washed their hands per day.  

•                        is whether the person is a man (                 ) or a woman (                 ).  
 

Y = 1

<latexit sha1_base64="PXIJ8PJG2MF8rTEfSEEmobt8Jfc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoB6EghePFUxbaUPZbCft0s0m7G6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKmTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDvzW0+oNE/kgxmnGMR0IHnEGTVW8h/JDfF65Ypbdecgq8TLSQVyNHrlr24/YVmM0jBBte54bmqCCVWGM4HTUjfTmFI2ogPsWCppjDqYzI+dkjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif95ncxEV8GEyzQzKNliUZQJYhIy+5z0uUJmxNgSyhS3txI2pIoyY/Mp2RC85ZdXSfOi6tWqtftapX6dx1GEEziFc/DgEupwBw3wgQGHZ3iFN0c6L86787FoLTj5zDH8gfP5A1SejbE=</latexit>

Y = 0

<latexit sha1_base64="EKaC51ObWSs126Vg1+b06R73gl0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoB6EghePFUxbaUPZbCft0s0m7G6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKmTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDvzW0+oNE/kgxmnGMR0IHnEGTVW8h/JDXF75Ypbdecgq8TLSQVyNHrlr24/YVmM0jBBte54bmqCCVWGM4HTUjfTmFI2ogPsWCppjDqYzI+dkjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif95ncxEV8GEyzQzKNliUZQJYhIy+5z0uUJmxNgSyhS3txI2pIoyY/Mp2RC85ZdXSfOi6tWqtftapX6dx1GEEziFc/DgEupwBw3wgQGHZ3iFN0c6L86787FoLTj5zDH8gfP5A1MajbA=</latexit>

X1 2 {0, 1}

<latexit sha1_base64="+W5+bVWElC8c5gHLCXJuj2l0dWw=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5REAuqt4MVjBfsBTQib7aZdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL8o4U9pxvq3KxubW9k51t7a3f3B4ZB+fdFSaS0LbJOWp7EVYUc4EbWumOe1lkuIk4rQbje/nfndCpWKpeNLTjAYJHgoWM4K1kULb7oUu8plAfuFcIdefhXbdaTgLoHXilqQOJVqh/eUPUpInVGjCsVJ918l0UGCpGeF0VvNzRTNMxnhI+4YKnFAVFIvLZ+jCKAMUp9KU0Gih/p4ocKLUNIlMZ4L1SK16c/E/r5/r+DYomMhyTQVZLopzjnSK5jGgAZOUaD41BBPJzK2IjLDERJuwaiYEd/XlddK5brhew3v06s27Mo4qnME5XIILN9CEB2hBGwhM4Ble4c0qrBfr3fpYtlascuYU/sD6/AEcyZIB</latexit>

X2 2 [0, 100]

<latexit sha1_base64="KIhIpszYmhTz9+5yI+LjaoenMUc=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBylJKai3ghePFewHpCFstpt26WYTdjdiCf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXphyprTjfFuljc2t7Z3ybmVv/+DwyD6udlWSSUI7JOGJ7IdYUc4E7WimOe2nkuI45LQXTm7nfu+RSsUS8aCnKfVjPBIsYgRrIwV2tR800IAJ5CHnErmOg/zArjl1ZwG0TtyC1KBAO7C/BsOEZDEVmnCslOc6qfZzLDUjnM4qg0zRFJMJHlHPUIFjqvx8cfsMnRtliKJEmhIaLdTfEzmOlZrGoemMsR6rVW8u/ud5mY6u/ZyJNNNUkOWiKONIJ2geBBoySYnmU0MwkczcisgYS0y0iatiQnBXX14n3Ubdbdab981a66aIowyncAYX4MIVtOAO2tABAk/wDK/wZs2sF+vd+li2lqxi5gT+wPr8AejCkb4=</latexit>

X3 2 [0, 10]

<latexit sha1_base64="IHKluUqHpl1dDpAA4dvJpvb/9Ks=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwICXRgnorePFYwX5AGsJmu2mXbjZhd6OU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbmhSlnSjvOt7Wyura+sVnaKm/v7O7t25WDtkoySWiLJDyR3RArypmgLc00p91UUhyHnHbC0c3U7zxQqVgi7vU4pX6MB4JFjGBtpMCudIML1GMCecg5Q66D/MCuOjVnBrRM3IJUoUAzsL96/YRkMRWacKyU5zqp9nMsNSOcTsq9TNEUkxEeUM9QgWOq/Hx2+gSdGKWPokSaEhrN1N8TOY6VGseh6YyxHqpFbyr+53mZjq78nIk001SQ+aIo40gnaJoD6jNJieZjQzCRzNyKyBBLTLRJq2xCcBdfXibt85pbr9Xv6tXGdRFHCY7gGE7BhUtowC00oQUEHuEZXuHNerJerHfrY966YhUzh/AH1ucPeF2RhQ==</latexit>

X4 2 {0, 1}

<latexit sha1_base64="njTpfk1EmeNWUTHUrU6OLprwIXU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5REAuqt4MVjBfsBTQib7aZdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL8o4U9pxvq3KxubW9k51t7a3f3B4ZB+fdFSaS0LbJOWp7EVYUc4EbWumOe1lkuIk4rQbje/nfndCpWKpeNLTjAYJHgoWM4K1kULb7oUe8plAfuFcIdefhXbdaTgLoHXilqQOJVqh/eUPUpInVGjCsVJ918l0UGCpGeF0VvNzRTNMxnhI+4YKnFAVFIvLZ+jCKAMUp9KU0Gih/p4ocKLUNIlMZ4L1SK16c/E/r5/r+DYomMhyTQVZLopzjnSK5jGgAZOUaD41BBPJzK2IjLDERJuwaiYEd/XlddK5brhew3v06s27Mo4qnME5XIILN9CEB2hBGwhM4Ble4c0qrBfr3fpYtlascuYU/sD6/AEhfJIE</latexit>

X4 = 0

<latexit sha1_base64="lVZ9ktlSWpfcG4gIk9wMoSdayuo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokE1INQ8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDLrut7O2vrG5tV3aKe/u7R8cVo6OWybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD8d3Mbz9xbUSiHnGS8iCmQyUiwShaqd3p++SWuP1K1a25c5BV4hWkCgUa/cpXb5CwLOYKmaTGdD03xSCnGgWTfFruZYanlI3pkHctVTTmJsjn507JuVUGJEq0LYVkrv6eyGlszCQObWdMcWSWvZn4n9fNMLoOcqHSDLlii0VRJgkmZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtsQvOWXV0nrsub5Nf/Br9ZvijhKcApncAEeXEEd7qEBTWAwhmd4hTcndV6cd+dj0brmFDMn8AfO5w99oo5W</latexit>

X4 = 1

<latexit sha1_base64="w1hZgbthKchJuIFeceHDgp5IyBU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokE1INQ8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDLrut7O2vrG5tV3aKe/u7R8cVo6OWybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD8d3Mbz9xbUSiHnGS8iCmQyUiwShaqd3p++SWeP1K1a25c5BV4hWkCgUa/cpXb5CwLOYKmaTGdD03xSCnGgWTfFruZYanlI3pkHctVTTmJsjn507JuVUGJEq0LYVkrv6eyGlszCQObWdMcWSWvZn4n9fNMLoOcqHSDLlii0VRJgkmZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtsQvOWXV0nrsub5Nf/Br9ZvijhKcApncAEeXEEd7qEBTWAwhmd4hTcndV6cd+dj0brmFDMn8AfO5w9/Jo5X</latexit>

X1 = 1

<latexit sha1_base64="DtLLWN8j8L5yqxXbaGGWDibNpxQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUD0IBS8eK9gPaEPZbCft0s0m7G6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCARXBvX/XYKG5tb2zvF3dLe/sHhUfn4pK3jVDFssVjEqhtQjYJLbBluBHYThTQKBHaCyd3c7zyh0jyWj2aaoB/RkeQhZ9RYqdMdeOSWeINyxa26C5B14uWkAjmag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFuTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjtZ1wmqUHJlovCVBATk/nvZMgVMiOmllCmuL2VsDFVlBmbUMmG4K2+vE7aV1WvVq091CqNmzyOIpzBOVyCB3VowD00oQUMJvAMr/DmJM6L8+58LFsLTj5zCn/gfP4Aeo6OVA==</latexit>

X1 = 0

<latexit sha1_base64="t2aODwIAIxQuyFK4bswEL5WU5AA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUD0IBS8eK9gPaEPZbDft0s0m7E6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTO7mfueJayNi9YjThPsRHSkRCkbRSp3uwCO3xB2UK27VXYCsEy8nFcjRHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHdGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuG1nwmVpMgVWy4KU0kwJvPfyVBozlBOLaFMC3srYWOqKUObUMmG4K2+vE7aV1WvVq091CqNmzyOIpzBOVyCB3VowD00oQUMJvAMr/DmJM6L8+58LFsLTj5zCn/gfP4AeQqOUw==</latexit>
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A simple example – Dataset – 
•  We end up with the following small dataset of 10 samples. 

In contact 
with a person 

Number of 
touching face 

Number of 
washing hands 

Man/
woman 

0 98 0 0 0 
0 87 1 0 0 
1 93 9 0 1 
1 97 4 1 1 
1 81 7 0 1 
1 42 8 1 0 
1 28 3 0 0 
1 12 1 0 1 
1 8 0 0 1 
1 2 9 0 0 

Y

<latexit sha1_base64="oAruTocTZcOmXcWcSSUmPaIg2tc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFulDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8zhMqzWN5ZyYJ+hEdSh5yRo2Vmg/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALbOjNs=</latexit>

•  Let's use the entropy as the impurity measure. 

•   We have at the root:   
I(Dp) = H(Y ) = �1

2

log2(
1

2

)� 1

2

log2(
1

2

) = 1

<latexit sha1_base64="e+dECpj+0P2sPvJtJgkB+nNBsWk="></latexit>
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A simple example – split on « man vs woman » column – 
•  Let’s split on the attribute « man/woman » (        ) 
 

X4

<latexit sha1_base64="6hRozrQBxLDvK1NYGDRAa6QoV80=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokE1FvBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh07f71eqbs2dg6wSryBVKNDoV756g4RlMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgLb+8SlqXNc+v+fd+tX5TxFGCUziDC/DgCupwBw1oAoMhPMMrvDnSeXHenY9F65pTzJzAHzifP97+jYE=</latexit>

I(Dleft) = H(Y |X4 = 0) = 1

<latexit sha1_base64="YqvZFDwC9301a/hGFmNqmvh6SFQ=">AAACEnicbZA9SwNBEIb34nf8ilraLAYhNuFOAmohCFrELoIxkSQce5s5XbL3we6cGM77DTb+FRsLRWyt7Pw37sUUanxh4eGdGWbn9WIpNNr2p1WYmp6ZnZtfKC4uLa+sltbWL3SUKA5NHslItT2mQYoQmihQQjtWwAJPQssbHOf11g0oLaLwHIcx9AJ2FQpfcIbGcks79LRy4qZdhFtMJfiYZTv0kNYrl/SOtt2aYTs3HOqWynbVHolOgjOGMhmr4ZY+uv2IJwGEyCXTuuPYMfZSplBwCVmxm2iIGR+wK+gYDFkAupeOTsrotnH61I+UeSHSkftzImWB1sPAM50Bw2v9t5ab/9U6Cfr7vVSEcYIQ8u9FfiIpRjTPh/aFAo5yaIBxJcxfKb9minE0KRZNCM7fkyfhYrfq1Kq1s1r56GAcxzzZJFukQhyyR45InTRIk3ByTx7JM3mxHqwn69V6+24tWOOZDfJL1vsXLTWZ7Q==</latexit>

0 98 0 0 0 
0 87 1 0 0 
1 93 9 0 1 
1 81 7 0 1 
1 28 3 0 0 
1 12 1 0 1 
1 8 0 0 1 
1 2 9 0 0 

Y

<latexit sha1_base64="oAruTocTZcOmXcWcSSUmPaIg2tc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFulDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8zhMqzWN5ZyYJ+hEdSh5yRo2Vmg/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALbOjNs=</latexit>

X1

<latexit sha1_base64="h+SzeeofUbLh87CNgV/TLYBv74Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7AG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddK+qnq1au2+Vmnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPaco1+</latexit>

X2

<latexit sha1_base64="N5yoqj+60+GWr848lSIQ8AB+WjQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQHtUG54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGF77mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66Rdq3r1av2+Xmnc5HEU4QzO4RI8uIIG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+APn8wfb9o1/</latexit>

X3

<latexit sha1_base64="Z2L61Q1i1vqhvo3QUL+7AS++Olw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ6d/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfVq1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/deo2A</latexit>

X4

<latexit sha1_base64="6hRozrQBxLDvK1NYGDRAa6QoV80=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokE1FvBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh07f71eqbs2dg6wSryBVKNDoV756g4RlMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgLb+8SlqXNc+v+fd+tX5TxFGCUziDC/DgCupwBw1oAoMhPMMrvDnSeXHenY9F65pTzJzAHzifP97+jYE=</latexit>

1 97 4 1 1 
1 42 8 1 0 

Y

<latexit sha1_base64="oAruTocTZcOmXcWcSSUmPaIg2tc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFulDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8zhMqzWN5ZyYJ+hEdSh5yRo2Vmg/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALbOjNs=</latexit>

X1

<latexit sha1_base64="h+SzeeofUbLh87CNgV/TLYBv74Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7AG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddK+qnq1au2+Vmnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPaco1+</latexit>

X2

<latexit sha1_base64="N5yoqj+60+GWr848lSIQ8AB+WjQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQHtUG54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGF77mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66Rdq3r1av2+Xmnc5HEU4QzO4RI8uIIG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+APn8wfb9o1/</latexit>

X3

<latexit sha1_base64="Z2L61Q1i1vqhvo3QUL+7AS++Olw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ6d/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfVq1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/deo2A</latexit>

X4

<latexit sha1_base64="6hRozrQBxLDvK1NYGDRAa6QoV80=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokE1FvBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh07f71eqbs2dg6wSryBVKNDoV756g4RlMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgLb+8SlqXNc+v+fd+tX5TxFGCUziDC/DgCupwBw1oAoMhPMMrvDnSeXHenY9F65pTzJzAHzifP97+jYE=</latexit>

I(Dright) = H(Y |X4 = 1) = 1

<latexit sha1_base64="3TXxaJ4qNc+Ap4pjVgGHjVEbZzM=">AAACE3icbZC7SgNBFIZn4y3GW9TSZjAI0SLsyoJaCAEtYhfBXCQJy+xkkgyZvTBzVgxr3sHGV7GxUMTWxs63cTbZQhN/GPj4zzmcOb8bCq7ANL+NzMLi0vJKdjW3tr6xuZXf3qmrIJKU1WggAtl0iWKC+6wGHARrhpIRzxWs4Q4vknrjjknFA/8GRiHreKTv8x6nBLTl5I+uipdO3AZ2D7Hk/QGMx4f4HFeKt/gBNx1bs5UYFsZOvmCWzInwPFgpFFCqqpP/ancDGnnMByqIUi3LDKETEwmcCjbOtSPFQkKHpM9aGn3iMdWJJzeN8YF2urgXSP18wBP390RMPKVGnqs7PQIDNVtLzP9qrQh6p52Y+2EEzKfTRb1IYAhwEhDucskoiJEGQiXXf8V0QCShoGPM6RCs2ZPnoX5csuySfW0XymdpHFm0h/ZREVnoBJVRBVVRDVH0iJ7RK3oznowX4934mLZmjHRmF/2R8fkDGpaaaw==</latexit>

X4 = 0

<latexit sha1_base64="lVZ9ktlSWpfcG4gIk9wMoSdayuo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokE1INQ8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDLrut7O2vrG5tV3aKe/u7R8cVo6OWybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD8d3Mbz9xbUSiHnGS8iCmQyUiwShaqd3p++SWuP1K1a25c5BV4hWkCgUa/cpXb5CwLOYKmaTGdD03xSCnGgWTfFruZYanlI3pkHctVTTmJsjn507JuVUGJEq0LYVkrv6eyGlszCQObWdMcWSWvZn4n9fNMLoOcqHSDLlii0VRJgkmZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtsQvOWXV0nrsub5Nf/Br9ZvijhKcApncAEeXEEd7qEBTWAwhmd4hTcndV6cd+dj0brmFDMn8AfO5w99oo5W</latexit>

X4 = 1

<latexit sha1_base64="w1hZgbthKchJuIFeceHDgp5IyBU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokE1INQ8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDLrut7O2vrG5tV3aKe/u7R8cVo6OWybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD8d3Mbz9xbUSiHnGS8iCmQyUiwShaqd3p++SWeP1K1a25c5BV4hWkCgUa/cpXb5CwLOYKmaTGdD03xSCnGgWTfFruZYanlI3pkHctVTTmJsjn507JuVUGJEq0LYVkrv6eyGlszCQObWdMcWSWvZn4n9fNMLoOcqHSDLlii0VRJgkmZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtsQvOWXV0nrsub5Nf/Br9ZvijhKcApncAEeXEEd7qEBTWAwhmd4hTcndV6cd+dj0brmFDMn8AfO5w9/Jo5X</latexit>
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A simple example – split on « man vs woman » column – 

•  If we split on the attribute  « man/woman » (        ) , we obtain the following information gain : 

•  We conclude that there is absolutely nothing to gain from splitting on the « man/woman » attribute.  
Men and women seem to have the same likelihood to be infected by the disease.  

 

X4

<latexit sha1_base64="6hRozrQBxLDvK1NYGDRAa6QoV80=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokE1FvBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh07f71eqbs2dg6wSryBVKNDoV756g4RlMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgLb+8SlqXNc+v+fd+tX5TxFGCUziDC/DgCupwBw1oAoMhPMMrvDnSeXHenY9F65pTzJzAHzifP97+jYE=</latexit>

IG(Dp, X4) = I(Dp)�
Nleft

Np
I(Dleft)�

Nright

Np
I(Dright)

<latexit sha1_base64="J644E+kqbQ3vSJ2wbte56XF+Rwg="></latexit>

= 1� 8

10
⇥ 1� 2

10
⇥ 1

<latexit sha1_base64="au8xZ9KdhAjLmmK7yo+QMh/gN7g=">AAACHHicbZDLSsNAFIYn9VbrLerSzWAR3FiSWrAuhIIblxXsBZpQJtNJO3RyYeZEKCEP4sZXceNCETcuBN/GaZuFbf1h4Oc753Dm/F4suALL+jEKa+sbm1vF7dLO7t7+gXl41FZRIilr0UhEsusRxQQPWQs4CNaNJSOBJ1jHG99O651HJhWPwgeYxMwNyDDkPqcENOqblzfYxhfY8SWhaT1LbSvDDvCAqT+8usj7ZtmqWDPhVWPnpoxyNfvmlzOIaBKwEKggSvVsKwY3JRI4FSwrOYliMaFjMmQ9bUOi17jp7LgMn2kywH4k9QsBz+jfiZQESk0CT3cGBEZquTaF/9V6Cfh1N+VhnAAL6XyRnwgMEZ4mhQdcMgpiog2hkuu/YjoiOg/QeZZ0CPbyyaumXa3YtUrtvlZuXOdxFNEJOkXnyEZXqIHuUBO1EEVP6AW9oXfj2Xg1PozPeWvByGeO0YKM718XK57p</latexit>

= 0

<latexit sha1_base64="ABRcF7VmGKDCV+HfhFenYRmYuIE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoB6EghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LRzNJ0I/oUPKQM2qs9HBD3H654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWti6pXq9bua5X6dR5HEU7gFM7Bg0uowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AUBGNIw==</latexit>
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A simple example – split on «in contact with a person » column – 
•  Let’s split on the attribute «in contact with a person » (        ) 

•  We obtain then the following information gain : 
 

X1

<latexit sha1_base64="h+SzeeofUbLh87CNgV/TLYBv74Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7AG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddK+qnq1au2+Vmnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPaco1+</latexit>

0 98 0 0 0 
0 87 1 0 0 
1 93 9 0 1 
1 97 4 1 1 
1 81 7 0 1 
1 42 8 1 0 
1 28 3 0 0 
1 12 1 0 1 
1 8 0 0 1 
1 2 9 0 0 

Y

<latexit sha1_base64="oAruTocTZcOmXcWcSSUmPaIg2tc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFulDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8zhMqzWN5ZyYJ+hEdSh5yRo2Vmg/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALbOjNs=</latexit>

X1

<latexit sha1_base64="h+SzeeofUbLh87CNgV/TLYBv74Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7AG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddK+qnq1au2+Vmnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPaco1+</latexit>

X2

<latexit sha1_base64="N5yoqj+60+GWr848lSIQ8AB+WjQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQHtUG54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGF77mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66Rdq3r1av2+Xmnc5HEU4QzO4RI8uIIG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+APn8wfb9o1/</latexit>

X3

<latexit sha1_base64="Z2L61Q1i1vqhvo3QUL+7AS++Olw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ6d/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfVq1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/deo2A</latexit>

X4

<latexit sha1_base64="6hRozrQBxLDvK1NYGDRAa6QoV80=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokE1FvBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh07f71eqbs2dg6wSryBVKNDoV756g4RlMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgLb+8SlqXNc+v+fd+tX5TxFGCUziDC/DgCupwBw1oAoMhPMMrvDnSeXHenY9F65pTzJzAHzifP97+jYE=</latexit>

IG(Dp, X1) = 1� 2

10
⇥ 0� 8

10
⇥ 0.95 = 0.24

<latexit sha1_base64="e1Ttnd5UaaknJ6cmIDyOOL56wy8="></latexit>
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Finding the best split for a particular column 

•  In the last example, we made it easy : « man/woman » and «in contact with a person » columns have 
only two possible values each. 

•  For continuous data, we can find some rules that lead to a smaller set of possible values. 

•  So to find the best split for a continuous attribute      : 

•  We sort the values of the attribute in order, and sort the target         in the corresponding way. 

•  We find all the boundary points (i.e, where         changes from one value to an other). 

•  We calculate the information gain when splitting at each boundary  

•  We keep the split which gives the highest information gain. 

X

<latexit sha1_base64="lnPfH9bkLxuTlR7ZBZiqmn8NaVc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZndQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rq1aq1Zq1Sv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPtUqM2g==</latexit>

Y

<latexit sha1_base64="oAruTocTZcOmXcWcSSUmPaIg2tc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFulDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8zhMqzWN5ZyYJ+hEdSh5yRo2Vmg/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALbOjNs=</latexit>

Y

<latexit sha1_base64="oAruTocTZcOmXcWcSSUmPaIg2tc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFulDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8zhMqzWN5ZyYJ+hEdSh5yRo2Vmg/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALbOjNs=</latexit>
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A simple example – Split on « Number of washing hands » 
column at the root – 

0 98 0 0 0 
1 8 0 0 1 
1 12 1 0 1 
0 87 1 0 0 
1 28 3 0 0 
1 97 4 1 1 
1 81 7 0 1 
1 42 8 1 0 
1 2 9 0 0 
1 93 9 0 1 

Y

<latexit sha1_base64="oAruTocTZcOmXcWcSSUmPaIg2tc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFulDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8zhMqzWN5ZyYJ+hEdSh5yRo2Vmg/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALbOjNs=</latexit>

X1

<latexit sha1_base64="h+SzeeofUbLh87CNgV/TLYBv74Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7AG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddK+qnq1au2+Vmnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPaco1+</latexit>

X2

<latexit sha1_base64="N5yoqj+60+GWr848lSIQ8AB+WjQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQHtUG54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGF77mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66Rdq3r1av2+Xmnc5HEU4QzO4RI8uIIG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+APn8wfb9o1/</latexit>

X3

<latexit sha1_base64="Z2L61Q1i1vqhvo3QUL+7AS++Olw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ6d/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfVq1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/deo2A</latexit>

X4

<latexit sha1_base64="6hRozrQBxLDvK1NYGDRAa6QoV80=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokE1FvBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh07f71eqbs2dg6wSryBVKNDoV756g4RlMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgLb+8SlqXNc+v+fd+tX5TxFGCUziDC/DgCupwBw1oAoMhPMMrvDnSeXHenY9F65pTzJzAHzifP97+jYE=</latexit>

IG 

0.03 

0.04 

0.5 

2 

3.5 

5.5 

7.5 

8.5 

Thresholds 

•  We can see that the best split (the one with the highest information gain)  on the « Number washing 
hands » column (       )  is still very low.  

•  For the first split (at the root), it is better to do it on « in contact with a person » column  (       )  as the 
information gain is 0.24. 

X3

<latexit sha1_base64="Z2L61Q1i1vqhvo3QUL+7AS++Olw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ6d/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfVq1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/deo2A</latexit>

X1

<latexit sha1_base64="h+SzeeofUbLh87CNgV/TLYBv74Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7AG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddK+qnq1au2+Vmnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPaco1+</latexit>
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A simple example – Split on « Number of washing hands » column 
after some iterations – 

•  After some iterations, splitting on « Number of touching face » column (       ) becomes interesting. X1

<latexit sha1_base64="h+SzeeofUbLh87CNgV/TLYBv74Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7AG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddK+qnq1au2+Vmnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPaco1+</latexit>

1 8 0 0 1 
1 12 1 0 1 
1 28 3 0 0 
1 42 8 1 0 
1 2 9 0 0 

Y

<latexit sha1_base64="oAruTocTZcOmXcWcSSUmPaIg2tc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFulDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8zhMqzWN5ZyYJ+hEdSh5yRo2Vmg/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALbOjNs=</latexit>

X1

<latexit sha1_base64="h+SzeeofUbLh87CNgV/TLYBv74Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7AG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddK+qnq1au2+Vmnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPaco1+</latexit>

X2

<latexit sha1_base64="N5yoqj+60+GWr848lSIQ8AB+WjQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQHtUG54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGF77mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66Rdq3r1av2+Xmnc5HEU4QzO4RI8uIIG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+APn8wfb9o1/</latexit>

X3

<latexit sha1_base64="Z2L61Q1i1vqhvo3QUL+7AS++Olw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ6d/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfVq1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/deo2A</latexit>

X4

<latexit sha1_base64="6hRozrQBxLDvK1NYGDRAa6QoV80=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokE1FvBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh07f71eqbs2dg6wSryBVKNDoV756g4RlMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgLb+8SlqXNc+v+fd+tX5TxFGCUziDC/DgCupwBw1oAoMhPMMrvDnSeXHenY9F65pTzJzAHzifP97+jYE=</latexit>

IG 

0.97 2 
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Thresholds 
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iPad
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Basic example after training 
•  When do we actually stop splitting ? 

•  If a node is pure (all the samples of this node belong to the same category), we make it a leaf 
node and predict the class of the samples. 

•  If the maximum information gain = 0, we gain nothing from splitting, we make the node a leaf 
node and predict the most likely class (majority vote). 

•  To avoid overfitting, we set a limit to the depth of the tree. 

•  By applying the training algorithm on the basic example, we obtain the following tree: 
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Decision Trees on the Iris Dataset – Data – 

•  The data set consists of 50 samples from each of three species of Iris (Iris setosa, Iris virginica and Iris 
versicolor), so 150 total samples.  

•  Four features were measured from each sample: the length and the width of the sepals and petals, in 
centimeters. 

Setosa Versicolor Virginica 
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Decision Trees on the Iris Dataset – Model Selection – 

•  To find the optimal set of hyperparameters, we use a grid search method, which is a brute-force 
exhaustive search paradigm where we specify a list of values for different hyperparameters, and the 
algorithm evaluate the model performance (via cross validation) for each combination of 
hyperparameters. 

•  For decision tree algorithm, we tuned the following two hyperparameters: 

•  Impurity measure: with the two possibilities :  
•  Gini  
•  Entropy 

•  The depth of the tree: with values in  

•  As a result, we obtain the following best parameters: 
•  Best impurity : « gini » 
•  Best depth : 5 

[1, 2, 3, 4, 5, 10, 20, 30, 40]

<latexit sha1_base64="xII+dcQO2nz8yW90Jy3O9RfF2r0=">AAACCHicbVDLSsNAFL2pr1pfUZcuHCyCi1CSNqLuCm5cVrCtkIYymU7aoZMHMxOhhC7d+CtuXCji1k9w5984fSy09cCFM+fcy517gpQzqWz72yisrK6tbxQ3S1vbO7t75v5BSyaZILRJEp6I+wBLyllMm4opTu9TQXEUcNoOhtcTv/1AhWRJfKdGKfUj3I9ZyAhWWuqax55joaqFahZyLXRuIcfWb101Xa7td82yXbGnQMvEmZMyzNHoml+dXkKyiMaKcCyl59ip8nMsFCOcjkudTNIUkyHuU0/TGEdU+vn0kDE61UoPhYnQFSs0VX9P5DiSchQFujPCaiAXvYn4n+dlKrz0cxanmaIxmS0KM45UgiapoB4TlCg+0gQTwfRfERlggYnS2ZV0CM7iycukVa04bsW9dcv1q3kcRTiCEzgDBy6gDjfQgCYQeIRneIU348l4Md6Nj1lrwZjPHMIfGJ8/3C2TgA==</latexit>



Imperial means Intelligent Business Imperial College Business School 44 

Decision Trees on the Iris Dataset – Biais/Variance Tradeoff – 

Complexity too small 
 (high bias) 

Complexity too big 
 (high variance) 

Underfitting Overfitting Good Compromise 

Complexity: neither 
too big, nor too small.  

•  By increasing the tree depth, we increase the model complexity.  

•  If the complexity is too small, it will affect the performance on both the training set and the test set 
(the model will suffer from high bias).  

•  If it’s too big, we could achive a perfect score on the training set but the performance will deteriorate 
on the test set (the model will suffer from high variance).  
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Decision Trees on the Iris Dataset – Overfitting – 

•  By plotting the model training and validation accuracies as functions of the training set size, we can 
detect whether the model suffers from high variance or high bias, and whether the collection of 
more data could help address this problem. 

Accuracy vs training set size Accuracy vs max depth 



Imperial means Intelligent Business Imperial College Business School 46 

Combining multiple decision trees via Random Forest 

•  The Random Forest algorithm aims to average multiple decision trees that individually suffer from 
overfitting, in order to build a model with better generalization performance. It consists in the 
following steps: 

1.  Randomly choose         samples from the training set with replacement (bootstrap 
sample). 

2.  Grow a decision tree from the bootstrap sample. And at each node: 

•  Randomly select         attributes without replacement. 

•  Split the node using the attribute that provides the best split according to maximizing 
the information gain. 

3.  Repeat the firs two steps         times. 

4.  Use the         trees to assign the class label by majority voting. 

n

<latexit sha1_base64="8EZ6nmW7Jm2oK+ZPhOWzatqHFHA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlphyUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tWqtWavUb/M4inAG53AJHlxDHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1qKM8A==</latexit>

d

<latexit sha1_base64="l8sHJyx33jgdpD2kxVYq8EZcjLM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWzmbZrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkg85o8ZKzXBQrrhVdwGyTrycVCBHY1D+6ocxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YJyTBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91Axv/IzLJDUo2XLRMBXExGT+NQm5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rq1aq1Zq1Sv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPx3qM5g==</latexit>

K

<latexit sha1_base64="aqsWaVVVCmnKrNfmzqa8Fy8KxWA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXgQvLdhaaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jVDFssVjEqhNQjYJLbBluBHYShTQKBD4E45uZ//CESvNY3ptJgn5Eh5KHnFFjpeZdv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvkZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vkvZF1atVa81apX6dx1GEEziFc/DgEupwCw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH6GWjM0=</latexit>

K

<latexit sha1_base64="aqsWaVVVCmnKrNfmzqa8Fy8KxWA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXgQvLdhaaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jVDFssVjEqhNQjYJLbBluBHYShTQKBD4E45uZ//CESvNY3ptJgn5Eh5KHnFFjpeZdv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvkZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vkvZF1atVa81apX6dx1GEEziFc/DgEupwCw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH6GWjM0=</latexit>
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The Random Forest Algorithm on the Iris dataset 
•  The Hyperparameters of the Random Forest Algorithm: 

•  The sample size      of the bootstrap controls the bias-variance tradeoff of the Random Forest. 

•  In most libraries (including scikit-learn), the size of the bootstrap sample is chosen to be equal to the 
number of samples in the training dataset. 

•  For the number of attributes     at each split, a reasonable default value (used in scikit-learn) is  
     where       is the number of attributes in the dataset. 

•  So, one big advantage of Random Forest is that it requires very little tuning: The main hyperparameter 
to tune is the number of trees. 

•  By tuning the number of trees as a 
hyperparameter for the Iris dataset, we get  20 
as the best value, which is confirmed by the 
following curve: 

n

<latexit sha1_base64="8EZ6nmW7Jm2oK+ZPhOWzatqHFHA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlphyUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tWqtWavUb/M4inAG53AJHlxDHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1qKM8A==</latexit>

d

<latexit sha1_base64="l8sHJyx33jgdpD2kxVYq8EZcjLM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWzmbZrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkg85o8ZKzXBQrrhVdwGyTrycVCBHY1D+6ocxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YJyTBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91Axv/IzLJDUo2XLRMBXExGT+NQm5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rq1aq1Zq1Sv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPx3qM5g==</latexit>

d =
p
D

<latexit sha1_base64="4EiVxc99wG6N4G8sYN7zms7DVDk=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0JqAchoAePEcwDskuYnZ1Nhsw+nOkVwpLf8OJBEa/+jDf/xkmyB00saCiquunu8lMpNNr2t7Wyura+sVnaKm/v7O7tVw4O2zrJFOMtlshEdX2quRQxb6FAybup4jTyJe/4o5up33niSoskfsBxyr2IDmIRCkbRSG5AromrHxXmt5N+pWrX7BnIMnEKUoUCzX7lyw0SlkU8Riap1j3HTtHLqULBJJ+U3UzzlLIRHfCeoTGNuPby2c0TcmqUgISJMhUjmam/J3IaaT2OfNMZURzqRW8q/uf1MgwvvVzEaYY8ZvNFYSYJJmQaAAmE4gzl2BDKlDC3EjakijI0MZVNCM7iy8ukfV5z6rX6fb3auCriKMExnMAZOHABDbiDJrSAQQrP8ApvVma9WO/Wx7x1xSpmjuAPrM8fUKKRMw==</latexit>

D

<latexit sha1_base64="a3mZ3BgBIGIPojACiBemh5M/PsY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KevDYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat72yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9UvVq11qxV6td5HEU4gVM4Bw8uoQ530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AZb6jMY=</latexit>
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 Go to the following link and take Quiz 1 :   
 
 
       https://mlfbg.github.io/MachineLearningInFinance/ 
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Programming Session 
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Appendix  
A zoom on the notion of  

Gradient Descent 
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Position of the Problem: 

•  The Gradient Descent algorithm is the backbone of Machine Learning. 
 
•  Let us start with a basic example. 
 
•  We want to minimize the function                           by using the gradient descent algorithm. f : ✓ 7! ✓2

<latexit sha1_base64="/0gLp4OzegK5QPjT8y7IWiyohB8=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyUgo9VwY3LCvYBnbFk0kwbmswMyR2hDF248VfcuFDErR/hzr8xbWehrQcCJ+fcS3JOkAiuwXG+rcLa+sbmVnG7tLO7t39gHx61dZwqylo0FrHqBkQzwSPWAg6CdRPFiAwE6wTj65nfeWBK8zi6g0nCfEmGEQ85JWCkvl0Or7AHIwYEe5IkGuL8el/DfbviVJ058Cpxc1JBOZp9+8sbxDSVLAIqiNY910nAz4gCTgWblrxUs4TQMRmynqERkUz72TzEFJ8aZYDDWJkTAZ6rvzcyIrWeyMBMSgIjvezNxP+8XgrhhZ/xKEmBRXTxUJgKbKLOGsEDrhgFMTGEUMXNXzEdEUUomN5KpgR3OfIqadeqbr1av61XGpd5HUVURifoDLnoHDXQDWqiFqLoET2jV/RmPVkv1rv1sRgtWPnOMfoD6/MHVHuXOw==</latexit>

•  As shown in the figure below, finding the minimum 
can be achieved by finding where the derivative 
(slope) is zero. To that end, we can do the following 
steps: 

•  Choose a random initial point   

•  Choose a learning rate               and repeat 
until convergence: 

✓0

<latexit sha1_base64="jiSMKGe1147yDBAccizm4GsPKLI=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lUQK6q3gxWMF+wFtKJvttF262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJlIY8rxvZ219Y3Nru7BT3N3bPzgsHR03TZxqjg0ey1i3Q2ZQCoUNEiSxnWhkUSixFY5vZ37rCbURsXqgSYJBxIZKDARnZKV2l0ZIrOf1SmWv4s3hrhI/J2XIUe+Vvrr9mKcRKuKSGdPxvYSCjGkSXOK02E0NJoyP2RA7lioWoQmy+b1T99wqfXcQa1uK3Ln6eyJjkTGTKLSdEaORWfZm4n9eJ6XBdZAJlaSEii8WDVLpUuzOnnf7QiMnObGEcS3srS4fMc042YiKNgR/+eVV0rys+NVK9b5art3kcRTgFM7gAny4ghrcQR0awEHCM7zCm/PovDjvzseidc3JZ07gD5zPH8t0j8k=</latexit>

⌘ > 0

<latexit sha1_base64="MLPaqi0nJY/CKy2cWTcxVQL1Mq8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnCScD+iQyVCwShaqdPjSMkNcfvlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/N752SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyex5MhCaM5QTSyjTwt5K2IhqytBGVLIheMsvr5LWRdWrVWv3tUr9Oo+jCCdwCufgwSXU4Q4a0AQGEp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8Aq0KPDA==</latexit>

✓k+1  ✓k � ⌘
df

d✓
(✓k)

<latexit sha1_base64="jittvZlbFapjy8sZXXjo7a2BjDg=">AAACMHicbVDLSgNBEJyN7/iKevQyGISIGHYloN4ED3qMYKKQDWF2tjcZMvtgplcJy36SFz9FLwqKePUrnDwEjRYMFFXV9HR5iRQabfvFKszMzs0vLC4Vl1dW19ZLG5tNHaeKQ4PHMlY3HtMgRQQNFCjhJlHAQk/Ctdc/G/rXt6C0iKMrHCTQDlk3EoHgDI3UKZ1T6mIPkHWy/r6TU1dCgEyp+O5b79MD6hpC3UAxnvlBnvljK698R/aKnVLZrtoj0L/EmZAymaDeKT26fszTECLkkmndcuwE2xlTKLiEvOimGhLG+6wLLUMjFoJuZ6ODc7prFJ8GsTIvQjpSf05kLNR6EHomGTLs6WlvKP7ntVIMjtuZiJIUIeLjRUEqKcZ02B71hQKOcmAI40qYv1LeY6YXNB0PS3CmT/5LmodVp1atXdbKpyeTOhbJNtkhFeKQI3JKLkidNAgn9+SJvJI368F6tt6tj3G0YE1mtsgvWJ9fXhmpLw==</latexit>
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Gradient Descent Theorem: 
•  Before stating the gradient descent theorem, let’s recall that the gradient is just the multidimensional 

equivalent of the derivative.  
 
•  For                                  : r✓f(✓) =

✓
@f

@✓1
(✓),

@f

@✓2
(✓), . . . ,

@f

@✓d
(✓)

◆

<latexit sha1_base64="/glU0diX9lRQSYPX4KOgNJ+6+6Q="></latexit>

f : ✓ 2 Rd 7! R

<latexit sha1_base64="lj+bq7j2JcFzgiw0Y/1Y5mltiFc=">AAACFnicbVDLSsNAFJ34rPVVdelmsAhuLIkUfKwKblxWsQ9oaplMJu3QySTM3Agl9Cvc+CtuXCjiVtz5N07aLGrrgYEz59zLvfd4seAabPvHWlpeWV1bL2wUN7e2d3ZLe/tNHSWKsgaNRKTaHtFMcMkawEGwdqwYCT3BWt7wOvNbj0xpHsl7GMWsG5K+5AGnBIzUK50GV9iFAQOCXS6xGxIYeF56N37ws0+sIZoRe6WyXbEnwIvEyUkZ5aj3St+uH9EkZBKoIFp3HDuGbkoUcCrYuOgmmsWEDkmfdQyVJGS6m07OGuNjo/g4iJR5EvBEne1ISaj1KPRMZbahnvcy8T+vk0Bw0U25jBNgkk4HBYnA5tYsI+xzxSiIkSGEKm52xXRAFKFgkiyaEJz5kxdJ86ziVCvV22q5dpnHUUCH6AidIAedoxq6QXXUQBQ9oRf0ht6tZ+vV+rA+p6VLVt5zgP7A+voF0FKfKg==</latexit>

Gradient Descent Algorithm: 

•  Suppose we have a convex and differentiable function                 .                 
 
•  Suppose its gradient is (Lipschitz) continuous with constant     . Let’s fix the learning rate 
 
•  Then, if we run the gradient descent algorithmn for K iterations: 
 

•  Initialize randomly  
•  Repeat K times            

f : Rd ! R

<latexit sha1_base64="OM8StrdEBqTDid1h1RhhsKwnbLA=">AAACD3icbVC7TsMwFHXKq5RXgJHFogIxVQmqxGOqxMJYEH1ITagcx2mtOnZkO6Aq6h+w8CssDCDEysrG3+C0HUrLka50dM69uveeIGFUacf5sQpLyyura8X10sbm1vaOvbvXVCKVmDSwYEK2A6QIo5w0NNWMtBNJUBww0goGV7nfeiBSUcHv9DAhfox6nEYUI22krn0cXUIvRrofBNnt6D6EnqS9vkZSiscZo2uXnYozBlwk7pSUwRT1rv3thQKnMeEaM6RUx3US7WdIaooZGZW8VJEE4QHqkY6hHMVE+dn4nxE8MkoIIyFNcQ3H6uxEhmKlhnFgOvML1byXi/95nVRH535GeZJqwvFkUZQyqAXMw4EhlQRrNjQEYUnNrRD3kURYmwhLJgR3/uVF0jytuNVK9aZarl1M4yiCA3AIToALzkANXIM6aAAMnsALeAPv1rP1an1Yn5PWgjWd2Qd/YH39AhuynLQ=</latexit>

✏

<latexit sha1_base64="Bq0SakX18OhkdSmoJPQddW4yjis=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0JqLeAF48RzAOSJcxOOsmQ2Zl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSgQ31ve/vbX1jc2t7cJOcXdv/+CwdHTcNCrVDBtMCaXbETUouMSG5VZgO9FI40hgKxrfzvzWE2rDlXywkwTDmA4lH3BGrZPaXUwMF0r2SmW/4s9BVkmQkzLkqPdKX92+YmmM0jJBjekEfmLDjGrLmcBpsZsaTCgb0yF2HJU0RhNm83un5NwpfTJQ2pW0ZK7+nshobMwkjlxnTO3ILHsz8T+vk9rBdZhxmaQWJVssGqSCWEVmz5M+18ismDhCmebuVsJGVFNmXURFF0Kw/PIqaV5Wgmqlel8t127yOApwCmdwAQFcQQ3uoA4NYCDgGV7hzXv0Xrx372PRuublMyfwB97nD0xikB4=</latexit>

⌘  1

✏

<latexit sha1_base64="f3cCAOUlWoaPpQVpIo+eRJZdzZQ=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgETyWRgnorePFYwX5AE8pmO2mXbjZxdyOUkIsX/4oXD4p49T9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmlldW19o7xZ2dre2d2z9w/aKk4lhRaNeSy7AVHAmYCWZppDN5FAooBDJxhfT/3OA0jFYnGnJwn4ERkKFjJKtJH69rEHmmCPwz32Qklo5uaZB4liPBZ53646NWcGvEzcglRRgWbf/vIGMU0jEJpyolTPdRLtZ0RqRjnkFS9VkBA6JkPoGSpIBMrPZl/k+NQoAxzG0pTQeKb+nshIpNQkCkxnRPRILXpT8T+vl+rw0s+YSFINgs4XhSnHOsbTSPCASaCaTwwhVDJzK6YjYsLQJriKCcFdfHmZtM9rbr1Wv61XG1dFHGV0hE7QGXLRBWqgG9RELUTRI3pGr+jNerJerHfrY95asoqZQ/QH1ucPnRmYpA==</latexit>

✓0

<latexit sha1_base64="jiSMKGe1147yDBAccizm4GsPKLI=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lUQK6q3gxWMF+wFtKJvttF262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJlIY8rxvZ219Y3Nru7BT3N3bPzgsHR03TZxqjg0ey1i3Q2ZQCoUNEiSxnWhkUSixFY5vZ37rCbURsXqgSYJBxIZKDARnZKV2l0ZIrOf1SmWv4s3hrhI/J2XIUe+Vvrr9mKcRKuKSGdPxvYSCjGkSXOK02E0NJoyP2RA7lioWoQmy+b1T99wqfXcQa1uK3Ln6eyJjkTGTKLSdEaORWfZm4n9eJ6XBdZAJlaSEii8WDVLpUuzOnnf7QiMnObGEcS3srS4fMc042YiKNgR/+eVV0rys+NVK9b5art3kcRTgFM7gAny4ghrcQR0awEHCM7zCm/PovDjvzseidc3JZ07gD5zPH8t0j8k=</latexit>

✓k+1  ✓k � ⌘r✓f(✓k)

<latexit sha1_base64="ewM4xGZfZVoeq+lLK5lUK1RBk6o="></latexit>

•  It will yield a solution which satisfies: 

    where :                 is the         norm on         (i.e :                                                 ) 

f(✓k)� f(✓⇤)  || ✓0 � ✓⇤ ||22
2⌘K

<latexit sha1_base64="xmviwd2cfaW0CSKdATpabJZXmY4="></latexit>

|| . ||2

<latexit sha1_base64="wrseefuQQJcvycTnR3RZspPusNY=">AAACAHicbZBNS8MwGMfT+TbnW9WDBy/BIXgq7Riot4EXjxPcC2ylpGm6hSVpSVJhlF38Kl48KOLVj+HNb2PWFdHNBxJ+/P/PQ/L8w5RRpV33y6qsrW9sblW3azu7e/sH9uFRVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wcjP3ew9EKpqIez1Nic/RSNCYYqSNFNgnQ04jWFwO/OGgEdh113GLgqvglVAHZbUD+3MYJTjjRGjMkFIDz021nyOpKWZkVhtmiqQIT9CIDAwKxIny82KBGTw3SgTjRJojNCzU3xM54kpNeWg6OdJjtezNxf+8QabjKz+nIs00EXjxUJwxqBM4TwNGVBKs2dQAwpKav0I8RhJhbTKrmRC85ZVXodtwvKbTvGvWW9dlHFVwCs7ABfDAJWiBW9AGHYDBDDyBF/BqPVrP1pv1vmitWOXMMfhT1sc3rDmVJg==</latexit>

L2

<latexit sha1_base64="H3qVfRTGBaDC9QROLHaEO8npAEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZlSUHcFNy5cVLAPaMeSSTNtaJIZk0yhDP0ONy4UcevHuPNvzLSz0NYDgcM593JPThBzpo3rfjtr6xubW9uFneLu3v7BYenouKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML7J/PaEKs0i+WCmMfUFHkoWMoKNlfyewGZEME/vZo/VfqnsVtw50CrxclKGHI1+6as3iEgiqDSEY627nhsbP8XKMMLprNhLNI0xGeMh7VoqsaDaT+ehZ+jcKgMURso+adBc/b2RYqH1VAR2Mgupl71M/M/rJia88lMm48RQSRaHwoQjE6GsATRgihLDp5ZgopjNisgIK0yM7aloS/CWv7xKWtWKV6vU7mvl+nVeRwFO4QwuwINLqMMtNKAJBJ7gGV7hzZk4L86787EYXXPynRP4A+fzB64pkgQ=</latexit>

Rd

<latexit sha1_base64="VGtwBBKc2PVQPkAR+K3dbg7TjMk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRSUHcFNy6r2Ae0aZlMJu3QySTMTJQS8h9uXCji1n9x5984abPQ1gMDh3Pu5Z45XsyZ0rb9bZXW1jc2t8rblZ3dvf2D6uFRR0WJJLRNIh7JnocV5UzQtmaa014sKQ49Trve9Cb3u49UKhaJBz2LqRvisWABI1gbaTgIsZ54XnqfDVM/G1Vrdt2eA60SpyA1KNAaVb8GfkSSkApNOFaq79ixdlMsNSOcZpVBomiMyRSPad9QgUOq3HSeOkNnRvFREEnzhEZz9fdGikOlZqFnJvOUatnLxf+8fqKDKzdlIk40FWRxKEg40hHKK0A+k5RoPjMEE8lMVkQmWGKiTVEVU4Kz/OVV0rmoO416465Ra14XdZThBE7hHBy4hCbcQgvaQEDCM7zCm/VkvVjv1sditGQVO8fwB9bnDwG8ktI=</latexit>

8z 2 Rd || z ||22= zT z

<latexit sha1_base64="7L7vTrEjauuIYuooQzVfHK/Jhc4="></latexit>
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Choice of the learning rate in Gradient Descent: 

•  Under the assuptions of the gradient descent theorem, the algorithm is guarenteed to converge and it  
    converges with a rate of   
 
•  The learning rate         should not be too big so that the objective function does not blow up, but not too 

small so that it doesn't take too much time to converge. 

•  In this case, the learning rate is fixed, we will present in Lecture 4 other versions of the gradient descent 
algorithm but with a learning rate that decreases with iterations, when we are closer to the optimal 
parameters. 

O(
1

K
)

<latexit sha1_base64="agh/jOmjmxVwcCqCEQHlgAzSon4=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkoigXoseBE8WMF+QBvLZrtpl242YXejlJD/4cWDIl79L978N27bHLT1wcDjvRlm5vkxZ0rb9rdVWFvf2Nwqbpd2dvf2D8qHR20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JOrmd95pFKxSNzraUy9EI8ECxjB2kgPt9V+IDFJnSy9yc4H5Ypds+dAq8TJSQVyNAflr/4wIklIhSYcK9Vz7Fh7KZaaEU6zUj9RNMZkgke0Z6jAIVVeOr86Q2dGGaIgkqaERnP190SKQ6WmoW86Q6zHatmbif95vUQHl17KRJxoKshiUZBwpCM0iwANmaRE86khmEhmbkVkjE0M2gRVMiE4yy+vkvZFzXFr7p1babh5HEU4gVOoggN1aMA1NKEFBCQ8wyu8WU/Wi/VufSxaC1Y+cwx/YH3+AMkRkgM=</latexit>

⌘

<latexit sha1_base64="/4oQ/FnHOo0Ewoa8Emdv2BdgRMc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWsB/QhrLZbtqlu0nYnQgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QSKFQdf9dkobm1vbO+Xdyt7+weFR9fikY+JUM95msYx1L6CGSxHxNgqUvJdoTlUgeTeY3uV+94lrI+LoEWcJ9xUdRyIUjGIuDTjSYbXm1t0FyDrxClKDAq1h9WswilmqeIRMUmP6npugn1GNgkk+rwxSwxPKpnTM+5ZGVHHjZ4tb5+TCKiMSxtpWhGSh/p7IqDJmpgLbqShOzKqXi/95/RTDGz8TUZIij9hyUZhKgjHJHycjoTlDObOEMi3srYRNqKYMbTwVG4K3+vI66VzVvUa98dCoNW+LOMpwBudwCR5cQxPuoQVtYDCBZ3iFN0c5L86787FsLTnFzCn8gfP5AwhzjjY=</latexit>
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Using the gradient Descent in the case of a linear regression 

The training problem has been written as the following equivalent minimization problem: 

min
ŵ2RD+1

1

N

NX

i=1

(yi � ŵ

T
xi)

2

| {z }
J(ŵ)

<latexit sha1_base64="TYMlcfkezFpOALLFve8+9py3kNk="></latexit>
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Matrix Notation and Optimization : 

•  It is computationally more efficient to write the optimization problem with matrix notation.  

•  To that end, let's introduce the following matrix notation for the training data                                 :  

•  We then  deduce the following prediction matrix      : 

•  If we denote by              the           norm on              (i.e :                                                  ), we can then 
express the cost function        we look to minimize as follows : 

X̂ =

2

6664

� x1 � 1
� x2 � 1
...

...
...

...
� xN � 1

3

7775
2 RN⇥(D+1)

<latexit sha1_base64="EEYv9WGEW12H+FqcWqf2QLr7RqE="></latexit>

P

<latexit sha1_base64="/W5Lhyak336IMDLvA3UG8kYCsEA=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoboruHHZgn1AO0gmvdPGZjJDkhHK0C9w40IRt36SO//GtJ2Fth4IHM45l9x7gkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A0mt3O/+4RK81jem2mCfkRHkoecUWOlVvOhXHGr7gJknXg5qUAOm/8aDGOWRigNE1Trvucmxs+oMpwJnJUGqcaEsgkdYd9SSSPUfrZYdEYurDIkYazsk4Ys1N8TGY20nkaBTUbUjPWqNxf/8/qpCa/9jMskNSjZ8qMwFcTEZH41GXKFzIipJZQpbnclbEwVZcZ2U7IleKsnr5POVdWrVWutWqVxk9dRhDM4h0vwoA4NuIMmtIEBwjO8wpvz6Lw4787HMlpw8plT+APn8wepKozS</latexit>

P = X̂ŵ =

2

6664

ŵ

T
x1

ŵ

T
x2
...

ŵ

T
xN

3

7775
2 RN

<latexit sha1_base64="ly8lg9HTSyBkbBW44WiKwNGu2Vo="></latexit>

|| . ||2

<latexit sha1_base64="1sy7YnOMm3Ctn/Zj7GCGuTFGJE8=">AAAB/3icbZBNS8MwGMdTX+d8qwpevASH4Km0Y6DeBl48TnAvsJWSpukWlqQlSYVRd/CrePGgiFe/hje/jVlXRDcfSPjx/z8PefIPU0aVdt0va2V1bX1js7JV3d7Z3du3Dw47KskkJm2csET2QqQIo4K0NdWM9FJJEA8Z6Ybj65nfvSdS0UTc6UlKfI6GgsYUI22kwD4ecBrB4nJ+MKgHds113KLgMngl1EBZrcD+HEQJzjgRGjOkVN9zU+3nSGqKGZlWB5kiKcJjNCR9gwJxovy82H8Kz4wSwTiR5ggNC/X3RI64UhMemk6O9EgtejPxP6+f6fjSz6lIM00Enj8UZwzqBM7CgBGVBGs2MYCwpGZXiEdIIqxNZFUTgrf45WXo1B2v4TRuG7XmVRlHBZyAU3AOPHABmuAGtEAbYPAAnsALeLUerWfrzXqft65Y5cwR+FPWxzdRkpT8</latexit>

L2

<latexit sha1_base64="H3qVfRTGBaDC9QROLHaEO8npAEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZlSUHcFNy5cVLAPaMeSSTNtaJIZk0yhDP0ONy4UcevHuPNvzLSz0NYDgcM593JPThBzpo3rfjtr6xubW9uFneLu3v7BYenouKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML7J/PaEKs0i+WCmMfUFHkoWMoKNlfyewGZEME/vZo/VfqnsVtw50CrxclKGHI1+6as3iEgiqDSEY627nhsbP8XKMMLprNhLNI0xGeMh7VoqsaDaT+ehZ+jcKgMURso+adBc/b2RYqH1VAR2Mgupl71M/M/rJia88lMm48RQSRaHwoQjE6GsATRgihLDp5ZgopjNisgIK0yM7aloS/CWv7xKWtWKV6vU7mvl+nVeRwFO4QwuwINLqMMtNKAJBJ7gGV7hzZk4L86787EYXXPynRP4A+fzB64pkgQ=</latexit>

RN

<latexit sha1_base64="6qRuDqiHDvUN/gXdriOUacKt344=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRSqO4KblxJFfuANi2T6aQdOpmEmYlSQv7DjQtF3Pov7vwbJ20W2npg4HDOvdwzx4s4U9q2v63C2vrG5lZxu7Szu7d/UD48aqswloS2SMhD2fWwopwJ2tJMc9qNJMWBx2nHm15nfueRSsVC8aBnEXUDPBbMZwRrIw36AdYTz0vu00Fymw7LFbtqz4FWiZOTCuRoDstf/VFI4oAKTThWqufYkXYTLDUjnKalfqxohMkUj2nPUIEDqtxknjpFZ0YZIT+U5gmN5urvjQQHSs0Cz0xmKdWyl4n/eb1Y+5duwkQUayrI4pAfc6RDlFWARkxSovnMEEwkM1kRmWCJiTZFlUwJzvKXV0n7ourUqrW7WqVxlddRhBM4hXNwoA4NuIEmtICAhGd4hTfryXqx3q2PxWjByneO4Q+szx/gP5K8</latexit>

8z 2 RN || z ||22= zT z

<latexit sha1_base64="uKnekG/QBBmn3Gq2HJtagF3hBHw="></latexit>

J

<latexit sha1_base64="Jdxs5YGLWJJH6pbVYpbQG7KWAvY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXsRTC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+GbmPzyh0jyW92aSoB/RoeQhZ9RYqXnXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9WrVWrNWqV/ncRThBE7hHDy4hDrcQgNawADhGV7hzXl0Xpx352PRWnDymWP4A+fzB6ASjMw=</latexit>

J(ŵ) =
1

N
|| X̂ŵ � Y ||22

<latexit sha1_base64="qo3zmEDYMOKC923Jh4QoN/siqFQ="></latexit>

Y =

2

6664

y1
y2
...
yN

3

7775
2 RN

<latexit sha1_base64="InyeNWUXuWFciMkGJzlVO4SvTFY="></latexit>

{(Xi, Yi)1iN}

<latexit sha1_base64="qS2AuCM5UFWu0kHcQl0+OQfSPkk=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgVpCRSUHcFN66kgn1IE8JketsOnTycmQglZO3GX3HjQhG3foE7/8Zpm4W2Hrjcwzn3MnOPH3MmlWV9GwuLS8srq4W14vrG5ta2ubPblFEiKDRoxCPR9okEzkJoKKY4tGMBJPA5tPzh5dhvPYCQLApv1SgGNyD9kPUYJUpLnnngpOW2x07wnceOvdTGDod7zKbtOsNO5pklq2JNgOeJnZMSylH3zC+nG9EkgFBRTqTs2Fas3JQIxSiHrOgkEmJCh6QPHU1DEoB008kpGT7SShf3IqErVHii/t5ISSDlKPD1ZEDUQM56Y/E/r5Oo3rmbsjBOFIR0+lAv4VhFeJwL7jIBVPGRJoQKpv+K6YAIQpVOr6hDsGdPnifN04pdrVRvqqXaRR5HAe2jQ1RGNjpDNXSF6qiBKHpEz+gVvRlPxovxbnxMRxeMfGcP/YHx+QMbpJic</latexit>
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Matrix Notation and Optimization : 

•  To cost function                                                       is a differentiable convex function whose minima are thus  

      characterized by the setting the gradient to zero. 
 
•  In order to differenciate the cost function, we will need the following formulas: 

•  So,  

 
•  We deduce the following expression of the gradient :   

•  If               is invertible, the optimal        is given by the following closed form: 

J(ŵ) =
1

N
|| X̂ŵ � Y ||22

<latexit sha1_base64="ykB/x6UaKE5e+hWiHYMaBs6xm8k="></latexit>

8z 2 Rn 8A 2 Rn⇥n rz(z
TAz) = (A+AT )z

<latexit sha1_base64="hgKJeFKkz/mogfO3Yv5acQ4BnvU="></latexit>

8z 2 Rn 8⇠ 2 Rn rz(z
T ⇠) = ⇠

<latexit sha1_base64="sxbtXQgsNk3mm+Pka1DVvuHpZss="></latexit>

rŵJ(ŵ) = 0 () rŵ

✓
1

N
(X̂ŵ � Y )T (X̂ŵ � Y )

◆

<latexit sha1_base64="+F5//78B6Q2ZxqALrNksG/7h46o="></latexit>

() 1

N

⇣
rŵ(ŵX̂

T X̂ŵ)�rŵ(ŵ
T X̂TY )�rŵ(Y

T X̂ŵ)
⌘

<latexit sha1_base64="cfRQcvYLOHcVnpCzDs1QjiK99h4="></latexit>

() 2

N
(X̂T X̂ŵ � X̂TY ) = 0

<latexit sha1_base64="dtkpVOfMdAHzAEj3gZU+bxTJA7I=">AAACKHicbZDLSgMxFIYz9VbrbdSlm2AR6sIyUwrqQiy4cSUVepNOLZk004ZmMkOSUcowj+PGV3Ejoki3PolpO6C2Hgj5+P9zSM7vhoxKZVljI7O0vLK6ll3PbWxube+Yu3sNGUQCkzoOWCBaLpKEUU7qiipGWqEgyHcZabrDq4nffCBC0oDX1CgkHR/1OfUoRkpLXfPSoZ4HHU8gHJeS+CaBBWeAVNxK7mswpdn9mMAT+OPdwWN4Aa2umbeK1rTgItgp5EFa1a755vQCHPmEK8yQlG3bClUnRkJRzEiScyJJQoSHqE/aGjnyiezE00UTeKSVHvQCoQ9XcKr+noiRL+XId3Wnj9RAznsT8T+vHSnvrBNTHkaKcDx7yIsYVAGcpAZ7VBCs2EgDwoLqv0I8QDo0pbPN6RDs+ZUXoVEq2uVi+bacr5yncWTBATgEBWCDU1AB16AK6gCDJ/AC3sGH8Wy8Gp/GeNaaMdKZffCnjK9vQW2kww==</latexit>

() X̂T X̂ŵ = X̂TY

<latexit sha1_base64="6ffudhuQcOLQX5fO+FOqjBqTH1Y=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARXEiZkYK6EApuXFboTTpjyaSZNjRzITmjlKEv4cZXceNCEbeCO9/GtB2hth4I+fj/c0jO78WCK7CsbyO3tLyyupZfL2xsbm3vmLt7DRUlkrI6jUQkWx5RTPCQ1YGDYK1YMhJ4gjW9wdXYb94zqXgU1mAYMzcgvZD7nBLQUsc8cbjvY6dPIG2N7mq/NL0fRvhyxrvtmEWrZE0KL4KdQRFlVe2YX043oknAQqCCKNW2rRjclEjgVLBRwUkUiwkdkB5rawxJwJSbTrYa4SOtdLEfSX1CwBN1diIlgVLDwNOdAYG+mvfG4n9eOwH/3E15GCfAQjp9yE8EhgiPI8JdLhkFMdRAqOT6r5j2iSQUdJAFHYI9v/IiNE5LdrlUvikXKxdZHHl0gA7RMbLRGaqga1RFdUTRI3pGr+jNeDJejHfjY9qaM7KZffSnjM8fmXGebw==</latexit>

X̂T X̂

<latexit sha1_base64="XkP81Fvo4AzXT+CFZUrgXxSgSVs=">AAAB+nicbZDLSgNBEEVrfMb4mujSTWMQXIUZCai7gBuXEfKCZAw9nZ6kSc+D7holjPkUNy4UceuXuPNv7CSz0MQLDYdbVVT19RMpNDrOt7W2vrG5tV3YKe7u7R8c2qWjlo5TxXiTxTJWHZ9qLkXEmyhQ8k6iOA19ydv++GZWbz9wpUUcNXCScC+kw0gEglE0Vt8u9UYUs870vkFy6ttlp+LMRVbBzaEMuep9+6s3iFka8giZpFp3XSdBL6MKBZN8WuylmieUjemQdw1GNOTay+anT8mZcQYkiJV5EZK5+3sio6HWk9A3nSHFkV6uzcz/at0UgysvE1GSIo/YYlGQSoIxmeVABkJxhnJigDIlzK2EjaiiDE1aRROCu/zlVWhdVNxqpXpXLdeu8zgKcAKncA4uXEINbqEOTWDwCM/wCm/Wk/VivVsfi9Y1K585hj+yPn8APQST9w==</latexit>

ŵ⇤ = (X̂T X̂)�1X̂TY

<latexit sha1_base64="xAIE5h5TluX1ZXi6qaQmY7jg+dM=">AAACHnicbZDLSgMxFIYz9VbrbdSlm2ARqmCZkYq6EApuXFboTdppyaSZNjRzIckoZZgnceOruHGhiOBK38bMdEBt/SHw5T/nkJzfDhgV0jC+tNzC4tLySn61sLa+sbmlb+80hR9yTBrYZz5v20gQRj3SkFQy0g44Qa7NSMseXyX11h3hgvpeXU4CYrlo6FGHYiSV1ddPoVJ3hGR0H/eO4CUspZd23KvDjA570bEZwx//ttDXi0bZSAXnwcygCDLV+vpHd+Dj0CWexAwJ0TGNQFoR4pJiRuJCNxQkQHiMhqSj0EMuEVaUrhfDA+UMoONzdTwJU/f3RIRcISaurTpdJEditpaY/9U6oXTOrYh6QSiJh6cPOSGD0odJVnBAOcGSTRQgzKn6K8QjxBGWKtEkBHN25XlonpTNSrlyUylWL7I48mAP7IMSMMEZqIJrUAMNgMEDeAIv4FV71J61N+192prTspld8Efa5zdkbKAv</latexit>

ŵ⇤

<latexit sha1_base64="1/0to5TstUyLLHEcWhOxGq0kFsk=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgHsKuBNRbwIvHCOYhSQyzk9lkyOzsMtOrhCVf4cWDIl79HG/+jZNkD5pY0FBUddPd5cdSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90fXUbz5ybUSk7nAc825IB0oEglG00n1nSDF9mjyc9Yolt+zOQJaJl5ESZKj1il+dfsSSkCtkkhrT9twYuynVKJjkk0InMTymbEQHvG2poiE33XR28IScWKVPgkjbUkhm6u+JlIbGjEPfdoYUh2bRm4r/ee0Eg8tuKlScIFdsvihIJMGITL8nfaE5Qzm2hDIt7K2EDammDG1GBRuCt/jyMmmcl71KuXJbKVWvsjjycATHcAoeXEAVbqAGdWAQwjO8wpujnRfn3fmYt+acbOYQ/sD5/AHMx5Bi</latexit>

rŵJ(ŵ) =
2

N
(X̂T X̂ŵ � X̂TY )

<latexit sha1_base64="/x8Ly4JWE/BaZqBdqGO7JPqVgDk="></latexit>
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Using the gradient Descent in the case of a logistic regression 

min

w2RD
� 1

N

NX

i=1

�
yi log(�(w

T
xi)) + (1� yi) log(1� �(w

T
xi))

�

| {z }
J(w)

<latexit sha1_base64="PALhdQYaA+LhV/dG5SShC3Rb0w8="></latexit>

•  The training problem has been written as the following equivalent minimization problem: 
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Gradient Descent for Logistic Regression: 

•  Using these two properties of the sigmoid function: 

 
•  We can rewrite the cost function as follows: 

•  Let's take the gradient w.r.t.       : 

8z 2 R �(�z) = 1� �(z)

<latexit sha1_base64="LXYCPcvvClHJID1jQRSPV2LNyQ8="></latexit>

8z 2 R �0(z) = �(z)(1� �(z)) = �(z)�(�z)

<latexit sha1_base64="tfw9heGq86I9xy1UQfWN9Zld6wg="></latexit>

J(w) = � 1

N

NX

i=1

�
yi log(�(w

T
xi)) + (1� yi) log(1� �(w

T
xi))

�

<latexit sha1_base64="c+p73V1PskAlDtDuotTLOciYK1c="></latexit>

= � 1

N

NX

i=1

�
yiw

T
xi + log(�(�w

T
xi))

�

<latexit sha1_base64="aSZwYe9hj4yR8cGdfT6BG+PNqJk="></latexit>

w

<latexit sha1_base64="T/MXPwxK26ISsPpkJOCmO7CJmow=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFuhDWWznbRrN5uwu1FK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8ziMqzWN5ZyYJ+hEdSh5yRo2Vmk/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenAfnxXl3PhatBSefOYY/cD5/AORGjPk=</latexit>

rwJ(w) = rw

 
� 1

N

NX

i=1

(yiw
T
xi + log(�(�w

T
xi)))

!

<latexit sha1_base64="/NQy+ZeruixYfHrM59ffVE+f14o="></latexit>

=
1

N

NX

i=1

(�(wT
xi)� yi)xi

<latexit sha1_base64="5lZfTl41GBw3e3iI6Bg5mLrFXAU="></latexit>
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Matrix Notation for the Gradient : 

•  let's introduce the following matrix notation for the training data                                 : 

 
 
 
•  The prediction vector                    is then defined as follows:  

 
•  And the error vector                 is defined as follows:  

{(Xi, Yi)1iN}

<latexit sha1_base64="qS2AuCM5UFWu0kHcQl0+OQfSPkk=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgVpCRSUHcFN66kgn1IE8JketsOnTycmQglZO3GX3HjQhG3foE7/8Zpm4W2Hrjcwzn3MnOPH3MmlWV9GwuLS8srq4W14vrG5ta2ubPblFEiKDRoxCPR9okEzkJoKKY4tGMBJPA5tPzh5dhvPYCQLApv1SgGNyD9kPUYJUpLnnngpOW2x07wnceOvdTGDod7zKbtOsNO5pklq2JNgOeJnZMSylH3zC+nG9EkgFBRTqTs2Fas3JQIxSiHrOgkEmJCh6QPHU1DEoB008kpGT7SShf3IqErVHii/t5ISSDlKPD1ZEDUQM56Y/E/r5Oo3rmbsjBOFIR0+lAv4VhFeJwL7jIBVPGRJoQKpv+K6YAIQpVOr6hDsGdPnifN04pdrVRvqqXaRR5HAe2jQ1RGNjpDNXSF6qiBKHpEz+gVvRlPxovxbnxMRxeMfGcP/YHx+QMbpJic</latexit>
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6664

� x1 �
� x2 �
...

...
...

� xN �

3

7775
2 RN⇥D

<latexit sha1_base64="jWXS8Vr+O5obcIIhwGA655n6ZB0="></latexit>

Y =

2

6664

y1
y2
...
yN

3

7775
2 {0, 1}N

<latexit sha1_base64="baVWcQoRsbjpGjQlSBfoQqKICA0="></latexit>

P 2 RN

<latexit sha1_base64="PdAAYfxgX2hYBy4gBrxmoNUNk08=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWRgroruHElVewDmlgm00k7dDIJMxOhhuCvuHGhiFv/w51/4/Sx0NYDA4dz7uWeOUHCmdKO820VlpZXVteK66WNza3tHXt3r6niVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg59lsPVCoWizs9Sqgf4b5gISNYG6lrH9SRxwTyIqwHQZDd5vfZdd61y07FmQAtEndGyjBDvWt/eb2YpBEVmnCsVMd1Eu1nWGpGOM1LXqpogskQ92nHUIEjqvxskj5Hx0bpoTCW5gmNJurvjQxHSo2iwEyOU6p5byz+53VSHZ77GRNJqqkg00NhypGO0bgK1GOSEs1HhmAimcmKyABLTLQprGRKcOe/vEiapxW3WqneVMu1i1kdRTiEIzgBF86gBldQhwYQeIRneIU368l6sd6tj+lowZrt7MMfWJ8//3eU7A==</latexit>

P =

2

6664

�(wT
x1)

�(wT
x2)

...
�(wT

xN )

3

7775
2 RN

<latexit sha1_base64="LArkrlYn5LTKymq2zCPeCxCh8eY="></latexit>

✏ 2 RN

<latexit sha1_base64="cZ2chUKaSskOshGLK4rVt5O24CA=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRSUHcFN66kin1AE8tkOmmHTmbCzEQoIQs3/oobF4q49SPc+TdO2iy09cCFwzn3cu89Qcyo0o7zbZVWVtfWN8qbla3tnd09e/+go0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMLnO/+0CkooLf6WlM/AiNOA0pRtpIA7vqkVhRJjj0qKkI6XEQpLfZfXqdDeyaU3dmgMvELUgNFGgN7C9vKHASEa4xQ0r1XSfWfoqkppiRrOIlisQIT9CI9A3lKCLKT2dPZPDYKEMYCmmKazhTf0+kKFJqGgWmM79SLXq5+J/XT3R47qeUx4kmHM8XhQmDWsA8ETikkmDNpoYgLKm5FeIxkghrk1vFhOAuvrxMOqd1t1Fv3DRqzYsijjKogiNwAlxwBprgCrRAG2DwCJ7BK3iznqwX6936mLeWrGLmEPyB9fkD3gSYOA==</latexit>
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�(wT
xN )� yN

3

7775
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<latexit sha1_base64="NOXqES4i2ca9VGf7Wt7pDHUeXEk="></latexit>
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Matrix Notation for the Gradient : 

•  The error vector                 can be represented by     : a  diagonal                 matrix as follows: 

 
•  As a result, the matrix                                 contains all the information needed to compute the 

gradient: 

•  ndeed, if                           are the rows            , the gradient of        w.r.t.       can be expressed as 
follows: 

✏̂

<latexit sha1_base64="007MGWTZ3Kn4gH9GjwpbR+1fx04=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoN4KXjxWsB/QxrLZTtqlm03YnSgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUihookAJnUQDiwIJ7WB8M/Pbj6CNiNU9ThLwIzZUIhScoZUeeiOGWQ8SI2Sspv1yxa26c9BV4uWkQnI0+uWv3iDmaQQKuWTGdD03QT9jGgWXMC31UgMJ42M2hK6likVg/Gx+9ZSeWWVAw1jbUkjn6u+JjEXGTKLAdkYMR2bZm4n/ed0Uwys/EypJERRfLApTSTGmswjoQGjgKCeWMK6FvZXyEdOMow2qZEPwll9eJa2Lqler1u5qlfp1HkeRnJBTck48cknq5JY0SJNwoskzeSVvzpPz4rw7H4vWgpPPHJM/cD5/ACgjkus=</latexit>

RN⇥N

<latexit sha1_base64="tFPlnrJRUl7pZGQ1ufSWQFz2nG4=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJpKDuCm5clSr2AU0sk+mkHTp5MDMRSsjGX3HjQhG3foY7/8ZJm4W2HrhwOOde7r3HizmTyrK+jdLK6tr6RnmzsrW9s7tn7h90ZJQIQtsk4pHoeVhSzkLaVkxx2osFxYHHadebXOd+95EKyaLwXk1j6gZ4FDKfEay0NDCPnACrseeld9lD2kSOYgGVqJkNzKpVs2ZAy8QuSBUKtAbmlzOMSBLQUBGOpezbVqzcFAvFCKdZxUkkjTGZ4BHtaxpivcdNZw9k6FQrQ+RHQleo0Ez9PZHiQMpp4OnO/Fy56OXif14/Uf6lm7IwThQNyXyRn3CkIpSngYZMUKL4VBNMBNO3IjLGAhOlM6voEOzFl5dJ57xm12v123q1cVXEUYZjOIEzsOECGnADLWgDgQye4RXejCfjxXg3PuatJaOYOYQ/MD5/AIMMllM=</latexit>

✏ 2 RN

<latexit sha1_base64="cZ2chUKaSskOshGLK4rVt5O24CA=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRSUHcFN66kin1AE8tkOmmHTmbCzEQoIQs3/oobF4q49SPc+TdO2iy09cCFwzn3cu89Qcyo0o7zbZVWVtfWN8qbla3tnd09e/+go0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMLnO/+0CkooLf6WlM/AiNOA0pRtpIA7vqkVhRJjj0qKkI6XEQpLfZfXqdDeyaU3dmgMvELUgNFGgN7C9vKHASEa4xQ0r1XSfWfoqkppiRrOIlisQIT9CI9A3lKCLKT2dPZPDYKEMYCmmKazhTf0+kKFJqGgWmM79SLXq5+J/XT3R47qeUx4kmHM8XhQmDWsA8ETikkmDNpoYgLKm5FeIxkghrk1vFhOAuvrxMOqd1t1Fv3DRqzYsijjKogiNwAlxwBprgCrRAG2DwCJ7BK3iznqwX6936mLeWrGLmEPyB9fkD3gSYOA==</latexit>
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<latexit sha1_base64="pH2fV2O/HccjvjgOm4hFwQG9mCU="></latexit>

✏̂X 2 RN⇥D

<latexit sha1_base64="+9//+waLjM+1pLpcIJzVBjEuHH8=">AAACFXicbVBNS8NAEN34WetX1KOXxSJ4kJJIQb0V9OBJqtgPaGLZbLft0s0m7E6EEvInvPhXvHhQxKvgzX/jpu1BWx8MPN6bYWZeEAuuwXG+rYXFpeWV1cJacX1jc2vb3tlt6ChRlNVpJCLVCohmgktWBw6CtWLFSBgI1gyGF7nffGBK80jewShmfkj6kvc4JWCkjn3sDQikHos1F5HMcAt7XGIvJDAIgvQ2u0+vsQc8ZBpfZh275JSdMfA8caekhKaodewvrxvRJGQSqCBat10nBj8lCjgVLCt6iWYxoUPSZ21DJTF7/HT8VYYPjdLFvUiZkoDH6u+JlIRaj8LAdObn6lkvF//z2gn0zvyUyzgBJulkUS8RGCKcR4S7XDEKYmQIoYqbWzEdEEUomCCLJgR39uV50jgpu5Vy5aZSqp5P4yigfXSAjpCLTlEVXaEaqiOKHtEzekVv1pP1Yr1bH5PWBWs6s4f+wPr8AWVUnu0=</latexit>
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<latexit sha1_base64="HEUtZV/pwr3UiwE02pXk9K7PON4="></latexit>

R1, . . . , RN

<latexit sha1_base64="4A5qRzeM6KmFc9S0BQsYYxsQoFo=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgopRECuqu4MaV1GIf0IYwmU7aoZNJmJkINfRL3LhQxK2f4s6/cdpmoa0HBg7n3MO9c4KEM6Ud59taW9/Y3Nou7BR39/YPSvbhUVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhm5nceqVQsFg96klAvwkPBQkawNpJvl5q+W0H9QaxVBTX9O98uO1VnDrRK3JyUIUfDt79MmKQRFZpwrFTPdRLtZVhqRjidFvupogkmYzykPUMFjqjysvnhU3RmlAEKY2me0Giu/k5kOFJqEgVmMsJ6pJa9mfif10t1eOVlTCSppoIsFoUpRzpGsxbQgElKNJ8Ygolk5lZERlhiok1XRVOCu/zlVdK+qLq1au2+Vq5f53UU4ARO4RxcuIQ63EIDWkAghWd4hTfryXqx3q2PxeialWeO4Q+szx+1PpHO</latexit>

✏̂X

<latexit sha1_base64="0NiFxXlNrlh2j84N5Ux1Vfwbgak=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4KokU1FvBi8cK9gOaUDbbabt0swm7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZelAqujed9OxubW9s7u6W98v7B4dGxe3La0kmmGDZZIhLViahGwSU2DTcCO6lCGkcC29H4fu63J6g0T+STmaYYxnQo+YAzaqzUc91gRE0eYKq5SOSMdHpuxat6C5B14hekAgUaPfcr6Ccsi1EaJqjWXd9LTZhTZTgTOCsHmcaUsjEdYtdSSWPUYb64fEYurdIng0TZkoYs1N8TOY21nsaR7YypGelVby7+53UzM7gNcy7TzKBky0WDTBCTkHkMpM8VMiOmllCmuL2VsBFVlBkbVtmG4K++vE5a11W/Vq091ir1uyKOEpzDBVyBDzdQhwdoQBMYTOAZXuHNyZ0X5935WLZuOMXMGfyB8/kDq9KTqA==</latexit>

J

<latexit sha1_base64="Jdxs5YGLWJJH6pbVYpbQG7KWAvY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXsRTC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+GbmPzyh0jyW92aSoB/RoeQhZ9RYqXnXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9WrVWrNWqV/ncRThBE7hHDy4hDrcQgNawADhGV7hzXl0Xpx352PRWnDymWP4A+fzB6ASjMw=</latexit>

w

<latexit sha1_base64="T/MXPwxK26ISsPpkJOCmO7CJmow=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YFuhDWWznbRrN5uwu1FK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcY38z8ziMqzWN5ZyYJ+hEdSh5yRo2Vmk/9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1atNWuV+nUeRxFO4BTOwYNLqMMtNKAFDBCe4RXenAfnxXl3PhatBSefOYY/cD5/AORGjPk=</latexit>

rwJ(w) =
1

N

NX

i=1

Ri

<latexit sha1_base64="1kjUsmKZUAi6d1iKppVzF203obs="></latexit>


